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the behavior of cosmological perturbations and are called “form factors” in Ref. [119].

Already at this stage, we see that the configuration where the wavelengths of the

perturbations become equal to the angular distance of the last scattering surface plays

a preferred role. Then, the two-point correlation function in real space can be written

as
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where ✓ is the angle between the two vectors e
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and e

2

. This expression defines the

multipole moments CTT

` .

The big novelty of the Planck 2015 data [4, 5] is that they not only lead to a more

accurate measurements of the CTT

` , see Fig. 5, but they also provide measurements

of the E-mode CMB polarization. One can then define quantities similar to the CTT

`

for the correlation between temperature and E-mode polarization fluctuations and for

the E-mode power spectrum. The corresponding multipole moments CTE

` and CEE

` are

represented in Figs. 6 and 7.

Before focusing on the consequences of these data for inflation, let us briefly discuss

their implications for the standard model of Cosmology. It is important to understand

that the constraints on the cosmological parameters can depend on the model analyzed

and on the data used to perform the analysis. In 2013, Planck used the temperature

anisotropy measurement plus the WMAP polarization measurement on large scales

(`  23), the corresponding likelihood function being denoted PlanckTT+WP. In

2015, at least five di↵erent likelihoods have been used: PlanckTT utilizes temperature

data only and is an hybrid, meaning that the temperature likelihood is not the same for

low multipoles (`  30) and high multipoles; PlanckTT+lowP makes use of PlanckTT

and low-` polarization data; PlanckTE+lowP corresponds to the TE likelihood at

` � 30 plus low-` polarization data only; PlanckTT,TE,EE +lowP makes use of the

TT, TE and EE likelihoods at ` � 30 and of the temperature and polarization data at

small scales. Depending on which likelihood is used, the constraints on cosmological

parameters can slightly change.

The theoretical framework used to analyze the data is the flat [i.e. K = 0 in

Eq. (1.1)] ⇤CDM model. In order to specify it, we need to know the energy budget

 the information contained in the anisotropies of the Cosmic Microwave Background can 
be encoded in the power spectrum
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 theoretical predictions of the power spectrum assume 
that the anisotropies are seeded by metric fluctuations 
in the primordial universe
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the CMB power spectrum encodes the properties of primordial perturbations, 
screened by a transfer function

 theoretical predictions of the power spectrum assume 
that the anisotropies are seeded by metric fluctuations 
in the primordial universe
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determined by the late-time 
evolution of the universe

Phenomenological description of the early universe 
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Phenomenological description of the early universe 

FIGURE 2. Evolution of the amplitudes of two Fourier modes with the same wavelength. After in-
flation, modes remain constant until they re-enter the horizon. After re-entry, they evolve under the
competing influences of pressure and gravity.

It is well known that inflation produces perturbations characterized by a Harrison-
Zel’dovich spectrum [10, 12]. This means that the amplitude of a particular Fourier
mode is drawn from a distribution with mean equal to zero and variance given by

⟨δ̃ (k)δ̃ ∗(k′)⟩= (2π)3δ 3(k−k′)P(k) (1)

where δ is the fractional overdensity with power spectrum P(k) proportional to kn.
A Harrison-Zel’dovich spectrum corresponds to n = 1, and most inflationary models
predict something very close to this. You might think then that the shape of the power
spectrum can be measured in observations, and this is what convinces us that inflation
is right. Well, it is true that we can measure the power spectrum, both of the matter and
of the radiation, and it is true that the observations agree with the theory. But this is not
what tingles our spines when we look at the data.
Rather, the truly striking aspect of perturbations generated during inflation is that

all Fourier modes all have the same phase. To understand what this means and how it
develops, consider Fig. 2 which shows a cartoon view of the evolution of the amplitudes
of two Fourier modes. Both oscillate quantum mechanically during inflation. Before
inflation ends, though, both leave the horizon, that is, their wavelengths get stretched so
much that no causal physics can alter them1. Once this happens, their amplitudes remain
constant. They stay constant up until the time much later on (for modes of interest this
might typically happen when the universe is 100,000 years old) when the modes re-
enter the horizon, at which time causal physics can once again affect their amplitudes.
The crucial point here is that as the modes re-enter the horizon, δ̇ is small. If we think
of each Fourier mode as a linear combination of a sin and a cos mode, inflation excites

1 Technically this occurs when the wavelength of the mode becomes greater than the Hubble radius, c/H.



Properties of the primordial fluctuations - coherence 

 the fact that we see peaks and troughs in the CMB power spectrum says that  

primordial perturbations are coherent  
 
when they re-enter the horizon and then evolve until recombination (CMB “surface”) with 
acoustic oscillations due to the joint effect of gravitational attraction and matter pressure 

FIGURE 3. Evolution of four Fourier modes of the temperature of the radiation as a function of
conformal time η (= η∗ at recombination). Largest scale mode (labeled “Super-Horizon”) is still constant
at recombination. A slightly smaller scale mode (labeled “First peak”) has begun its acoustic oscillation,
and has maximal amplitude at recombination. An even smaller scale mode began oscillating earlier; its
amplitude is zero at recombination. The smallest scale mode shown here (“Second Peak”) has gone
through one full oscillation, so its amplitude will be at a maximum. From [10].

only the cos modes. It is difficult to envision any other theory with this striking feature.

3. ACOUSTIC OSCILLATIONS

How do perturbations evolve once they re-enter the horizon? A cartoon version of the
equation governing them is

δ̈ − c2s∇2δ = F (2)

where cs is the sound speed and F is a forcing function due to gravity. The perturbations
obey the wave equation as one expects physically: a region which is very overdense is
driven by gravity to become more overdense, but driven toward the average density by
pressure.
At this point, youmight come to the conclusion that the spectrum of anisotropies in the

radiation today will exhibit a series of peaks and troughs just as a guitar string produces
a series of higher harmonics. In fact, the spectrum of the CMB looks remarkably like
that of a guitar string. However, underlying the similarity is a pair of differences which
are essential to the argument that inflation is the origin of the perturbations.
A guitar string produces a set of harmonics because it is tied down at its ends. So

there are only a discrete set of frequencies at which it can oscillate. There is no such
restriction for perturbations in the early universe, so why do we see anisotropies at
certain frequencies but not at others?



FIGURE 4. The evolution of an infinite number of modes all with the same wavelength. Left panel
shows the wavelength corresponding to the first peak, right to the first trough. Although the amplitudes of
all these different modes differ from one another, since they start with the same phase, the ones on the left
all reach maximum amplitude at recombination; the ones on the right all go to zero at recombination.

To understand this, consider Fig. 3 which shows the evolution of four Fourier modes
in the time leading up to recombination2. The mode with the largest wavelength cannot
be affected by causal physics so its amplitude remains constant. Smaller scale modes
have entered the horizon, and so have begun their acoustic oscillations. The smaller
the wavelength of a mode, the earlier it will have entered the horizon, and the more
oscillations it will have undergone by the time of recombination. Thus, the amplitude of
the mode labeled “First Peak” is maximal at recombination, and we expect to see large
anisotropies on angular scales which subtend this distance (roughly a degree). The mode
labeled “First Trough” has oscillated for a longer time though, and its amplitude is zero
at recombination. Therefore, we expect very small anisotropies on the corresponding
angular scales. And on it goes, a succession of peaks and troughs present not because
no excitations are allowed at the frequencies in the troughs (as is the case for the guitar
string). Rather, perturbations are present at all wavelengths, but we happen to see only
some of them, depending on the phase of the oscillation at recombination.
It is now very important to remember that there are many, many modes with nearly

identical wavenumbers. Think of the number of arrows that can point from the center of
a sphere to a fixed radius, keeping in mind that two arrows can be placed infinitesimally
close to each other. In fact, since the universe is effectively infinite, there are an infinite
number of modes for any wavenumber. All of these get excited during inflation and we
must sum over all of them to compute the anisotropy amplitude at a given scale. Thus,
when I drew the single line corresponding to the “First Peak” mode in Fig. 3, this was
really shorthand for an infinite number of modes all with different amplitudes, as in
Fig. 4. The amplitudes may differ, but as Fig. 4 shows, the phases are all the same. All
modes enter the horizon with constant amplitude. Thus, all modes with the “First Peak”
wavenumber have maximal amplitude (left panel in the figure) at recombination: they

2 After recombination, photons freestream though the universe, so we see their distribution today as it was
at the time of recombination.

FIGURE 5. Modes corresponding to the same two wavelengths (First Peak and First Trough) as in
Fig. 4, but this time with initial phases scrambled. The anisotropies at the angular scales corresponding to
these wavelengths would have identical rms’s if the phases were random.

have all undergone half an oscillation, so their sign simply changes. Similarly, all modes
corresponding to “First Trough” have gone through 3/4 of an oscillation3; since they all
are cosine modes and cos(3π/2) = 0, all have zero amplitude at recombination (right
panel).
Contrast this with the situation one might otherwise expect, random phases, as de-

picted in Fig. 5. If the phases were truly random, so that both the sine and cosine modes
were excited, then at recombination, there would not be any difference at all between the
rms amplitudes of the First Peak and First Trough wavenumbers. So we would not see
a sequence of peaks and troughs in the anisotropy spectrum today. We would see sim-
ply a flat spectrum with no features. If not for inflation, we would see a flat spectrum.
How else could the phases have been set well before the modes of interest entered the
horizon?
Therefore, when we look at the anisotropy spectrum recently measured byWMAP [8]

and we see the first and second peaks and troughs very clearly (Fig. 6), we are really
observing inflation doing the work of coordinating the phases of all Fourier modes.
Without this coherence, there would be no peaks and troughs.

4. POLARIZATION

The bottom panel of Figure 6 shows the cross-correlation between the temperature and
polarization anisotropies. This cross-correlation was first detected by the DASI experi-
ment in late 2002 [13], so our measurements of polarization are much less established
than those of temperature. Yet the WMAP results already are a crucial part of the co-
herence argument for inflation. The peaks and troughs in the anisotropy spectrum all are
on angular scales smaller than a degree (l > 200); all of these scales were within the

3 You might expect the mode which has gone through 1/4 of a full oscillation to be the first trough.
However, there are other effects (the dipole and the Integrated Sachs-Wolfe effect) which fill in this trough.

 coherent temporal phases for all modes with a given wavelength generate constructive 
interference: for each wavelength perturbations form standing waves (the time phase fixes 
the temporal position of the peaks and troughs) 

 if all modes with a given wavelength have random temporal phases they generate 
destructive interference (the CMB spectrum would be flat!) 

pictures: Dodelson hep-ph/0309057  
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Sunyaev Zeldovich 1970



For each wavelength the temporal position of the peaks and troughs is fixed — in the CMB 
we see the amplitude of the oscillation as it was imprinted at recombination

FIGURE 3. Evolution of four Fourier modes of the temperature of the radiation as a function of
conformal time η (= η∗ at recombination). Largest scale mode (labeled “Super-Horizon”) is still constant
at recombination. A slightly smaller scale mode (labeled “First peak”) has begun its acoustic oscillation,
and has maximal amplitude at recombination. An even smaller scale mode began oscillating earlier; its
amplitude is zero at recombination. The smallest scale mode shown here (“Second Peak”) has gone
through one full oscillation, so its amplitude will be at a maximum. From [10].
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where cs is the sound speed and F is a forcing function due to gravity. The perturbations
obey the wave equation as one expects physically: a region which is very overdense is
driven by gravity to become more overdense, but driven toward the average density by
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first peak gives the size of the horizon at recombination 

Coherent perturbations and the peaks in the CMB spectrum

 modes with largest wavelengths are still super-horizon at recombination: did not start 
oscillating when CMB spectrum was generated — flat spectrum in the CMB

η = η∗ at recombination

 “First peak” has started acoustic oscillation, and is in a maximum at recombination — 
peak in the CMB spectrum (position of first peak is used to deduce size of the horizon at recombination)

 “First trough” has smaller wavelength, so entered the horizon and started oscillating 
earlier — its amplitude is zero at recombination
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 More quantitative features of the primordial power spectrum are encoded via a 
phenomenological parameterisation
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Fig. 5. 68 % and 95 % CL constraints on tensor perturbations in the ⇤CDM+r0.002+r0.02 model, i.e., when the inflationary consis-
tency relation is relaxed. Filled contours in the left panel show the results for our independent primary parameters r0.002 and r0.02,
which have uniform priors, and in the right panel for the derived parameters nt and r0.01, which have non-uniform priors. The dotted
lines assume uniform priors on r0.01 and nt, calculated as in Fig. 4. The scale k = 0.01 Mpc�1 is near the decorrelation scale of (nt, r)
for the Planck+BK15 data. In both panels the dashed black line indicates the inflationary consistency condition, nt = �r0.01/8. (The
grey contours follow if we use the older BK14 data instead of the BK15 data.)

to the long arm length, this e↵ectively provides a cuto↵ for nt
and excludes the bluest spectra that were allowed by the CMB
alone, leading to

r0.002 < 0.064
r0.02 < 0.081

)

(95 % CL, Planck TT,TE,EE+lowE
+lensing+BK15+LIGO&Virgo2016), (36)

or r0.01 < 0.066 and �0.76 < nt < 0.52. The consistency condi-
tion nt = �r/8 is also compatible with these tighter constraints,
as can be seen by comparing the red contours and dashed black
lines in Fig. 5. As LIGO&Virgo pushes r0.02 down (and we as-
sume a power-law tensor spectrum), the upper bound on r0.002
becomes weaker than with the CMB alone. This is not surpris-
ing, since the system is analogous to a see-saw with a pivot point
at k ⇠ 0.01 Mpc�1, where the data are the most sensitive to the
tensor perturbations (taking into account also the transfer func-
tion from primordial tensor perturbations to the observable B-
mode signal). Once one end of the see-saw is pushed down the
other end can go up without disturbing the spectrum too much
at the middle scales. We will observe analogous behaviour with
isocurvature perturbations, for which we also assume a power-
law spectrum and have only an upper bound (not a detection);
see Sect. 9.3.

 24zeq⇥1.7⇥10�7 = 1.4⇥10�2, where we used zeq ' 3400. Assuming
further for the scalar perturbations that ns = 0.9659 and ln(1010As) =
3.044 at k = 0.05 Mpc�1, this can be converted into an upper bound
r  2.6 ⇥ 107 at k = 1.3 ⇥ 1016 Mpc�1.

4. Implications for single-field slow-roll inflationary

models

In this section we discuss the implications of the Planck 2018
likelihood for standard single-field slow-roll inflation. We first
update the results for the Hubble flow functions (HFFs) ✏i and
the potential slow-roll parameters obtained by the analytic per-
turbative expansion in terms of the HFFs for the primordial spec-
tra of fluctuations. For definitions of the HFF hierarchy and the
potential slow-roll parameters see Table 1. We then present a
Bayesian comparison for a representative selection of standard
slow-roll inflationary models.

4.1. Constraints on slow-roll parameters

Exploiting the approximate analytic expressions for the pri-
mordial power spectrum of scalar and tensor fluctuations ob-
tained by the Green’s function method (Stewart & Lyth 1993;
Gong & Stewart 2001; Leach et al. 2002), we can construct con-
straints on the slow-roll parameters.

When restricting to parameters first order in the HFFs, we
obtain with Planck TT,TE,EE+lowE+lensing(+BK15)

✏1 < 0.0063 (0.0039) (95 % CL) , (37)

✏2 = 0.030+0.007
�0.005 (0.031 ± 0.005) (68 % CL) . (38)

The Planck TT,TE,EE+lowE+lensing(+BK15) constraints on
the slow-roll potential parameters ✏V and ⌘V can be obtained by
an exact remapping of the constraints on the HFF parameters
(Leach et al. 2002; Finelli et al. 2010) given above:

✏V < 0.0063 (0.0039) (95 % CL) , (39)

⌘V = �0.010+0.004
�0.008

⇣

�0.012+0.004
�0.005

⌘

(68 % CL) . (40)
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alone, leading to
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r0.02 < 0.081

)

(95 % CL, Planck TT,TE,EE+lowE
+lensing+BK15+LIGO&Virgo2016), (36)

or r0.01 < 0.066 and �0.76 < nt < 0.52. The consistency condi-
tion nt = �r/8 is also compatible with these tighter constraints,
as can be seen by comparing the red contours and dashed black
lines in Fig. 5. As LIGO&Virgo pushes r0.02 down (and we as-
sume a power-law tensor spectrum), the upper bound on r0.002
becomes weaker than with the CMB alone. This is not surpris-
ing, since the system is analogous to a see-saw with a pivot point
at k ⇠ 0.01 Mpc�1, where the data are the most sensitive to the
tensor perturbations (taking into account also the transfer func-
tion from primordial tensor perturbations to the observable B-
mode signal). Once one end of the see-saw is pushed down the
other end can go up without disturbing the spectrum too much
at the middle scales. We will observe analogous behaviour with
isocurvature perturbations, for which we also assume a power-
law spectrum and have only an upper bound (not a detection);
see Sect. 9.3.

 24zeq⇥1.7⇥10�7 = 1.4⇥10�2, where we used zeq ' 3400. Assuming
further for the scalar perturbations that ns = 0.9659 and ln(1010As) =
3.044 at k = 0.05 Mpc�1, this can be converted into an upper bound
r  2.6 ⇥ 107 at k = 1.3 ⇥ 1016 Mpc�1.

4. Implications for single-field slow-roll inflationary

models

In this section we discuss the implications of the Planck 2018
likelihood for standard single-field slow-roll inflation. We first
update the results for the Hubble flow functions (HFFs) ✏i and
the potential slow-roll parameters obtained by the analytic per-
turbative expansion in terms of the HFFs for the primordial spec-
tra of fluctuations. For definitions of the HFF hierarchy and the
potential slow-roll parameters see Table 1. We then present a
Bayesian comparison for a representative selection of standard
slow-roll inflationary models.

4.1. Constraints on slow-roll parameters

Exploiting the approximate analytic expressions for the pri-
mordial power spectrum of scalar and tensor fluctuations ob-
tained by the Green’s function method (Stewart & Lyth 1993;
Gong & Stewart 2001; Leach et al. 2002), we can construct con-
straints on the slow-roll parameters.

When restricting to parameters first order in the HFFs, we
obtain with Planck TT,TE,EE+lowE+lensing(+BK15)

✏1 < 0.0063 (0.0039) (95 % CL) , (37)

✏2 = 0.030+0.007
�0.005 (0.031 ± 0.005) (68 % CL) . (38)

The Planck TT,TE,EE+lowE+lensing(+BK15) constraints on
the slow-roll potential parameters ✏V and ⌘V can be obtained by
an exact remapping of the constraints on the HFF parameters
(Leach et al. 2002; Finelli et al. 2010) given above:

✏V < 0.0063 (0.0039) (95 % CL) , (39)

⌘V = �0.010+0.004
�0.008

⇣

�0.012+0.004
�0.005

⌘

(68 % CL) . (40)
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grey contours follow if we use the older BK14 data instead of the BK15 data.)
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ABSTRACT

We analyse the Planck full-mission cosmic microwave background (CMB) temperature and E-mode polarization maps to obtain constraints
on primordial non-Gaussianity (NG). We compare estimates obtained from separable template-fitting, binned, and optimal modal bispectrum
estimators, finding consistent values for the local, equilateral, and orthogonal bispectrum amplitudes. Our combined temperature and polarization
analysis produces the following final results: f local

NL = �0.9 ± 5.1; f equil
NL = �26 ± 47; and f ortho

NL = �38 ± 24 (68 % CL, statistical). These results
include the low-multipole (4  ` < 40) polarization data, not included in our previous analysis, pass an extensive battery of tests (with additional
tests regarding foreground residuals compared to 2015), and are stable with respect to our 2015 measurements (with small fluctuations, at the level
of a fraction of a standard deviation, consistent with changes in data processing). Polarization-only bispectra display a significant improvement
in robustness; they can now be used independently to set primordial NG constraints with a sensitivity comparable to WMAP temperature-based
results, and giving excellent agreement. In addition to the analysis of the standard local, equilateral, and orthogonal bispectrum shapes, we consider
a large number of additional cases, such as scale-dependent feature and resonance bispectra, isocurvature primordial NG, and parity-breaking
models, where we also place tight constraints but do not detect any signal. The non-primordial lensing bispectrum is, however, detected with
an improved significance compared to 2015, excluding the null hypothesis at 3.5�. Beyond estimates of individual shape amplitudes, we also
present model-independent reconstructions and analyses of the Planck CMB bispectrum. Our final constraint on the local primordial trispectrum
shape is glocal

NL = (�5.8 ± 6.5) ⇥ 104 (68 % CL, statistical), while constraints for other trispectrum shapes are also determined. Exploiting the
tight limits on various bispectrum and trispectrum shapes, we constrain the parameter space of di↵erent early-Universe scenarios that generate
primordial NG, including general single-field models of inflation, multi-field models (e.g., curvaton models), models of inflation with axion
fields producing parity-violation bispectra in the tensor sector, and inflationary models involving vector-like fields with directionally-dependent
bispectra. Our results provide a high-precision test for structure-formation scenarios, showing complete agreement with the basic picture of the
⇤CDM cosmology regarding the statistics of the initial conditions, with cosmic structures arising from adiabatic, passive, Gaussian, and primordial
seed perturbations.

Key words. Cosmology: observations – Cosmology: theory – cosmic background radiation – early Universe – inflation – Methods: data analysis
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estimators, finding consistent values for the local, equilateral, and orthogonal bispectrum amplitudes. Our combined temperature and polarization
analysis produces the following final results: f local
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a large number of additional cases, such as scale-dependent feature and resonance bispectra, isocurvature primordial NG, and parity-breaking
models, where we also place tight constraints but do not detect any signal. The non-primordial lensing bispectrum is, however, detected with
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ABSTRACT

We analyse the Planck full-mission cosmic microwave background (CMB) temperature and E-mode polarization maps to obtain constraints
on primordial non-Gaussianity (NG). We compare estimates obtained from separable template-fitting, binned, and optimal modal bispectrum
estimators, finding consistent values for the local, equilateral, and orthogonal bispectrum amplitudes. Our combined temperature and polarization
analysis produces the following final results: f local

NL = �0.9 ± 5.1; f equil
NL = �26 ± 47; and f ortho

NL = �38 ± 24 (68 % CL, statistical). These results
include the low-multipole (4  ` < 40) polarization data, not included in our previous analysis, pass an extensive battery of tests (with additional
tests regarding foreground residuals compared to 2015), and are stable with respect to our 2015 measurements (with small fluctuations, at the level
of a fraction of a standard deviation, consistent with changes in data processing). Polarization-only bispectra display a significant improvement
in robustness; they can now be used independently to set primordial NG constraints with a sensitivity comparable to WMAP temperature-based
results, and giving excellent agreement. In addition to the analysis of the standard local, equilateral, and orthogonal bispectrum shapes, we consider
a large number of additional cases, such as scale-dependent feature and resonance bispectra, isocurvature primordial NG, and parity-breaking
models, where we also place tight constraints but do not detect any signal. The non-primordial lensing bispectrum is, however, detected with
an improved significance compared to 2015, excluding the null hypothesis at 3.5�. Beyond estimates of individual shape amplitudes, we also
present model-independent reconstructions and analyses of the Planck CMB bispectrum. Our final constraint on the local primordial trispectrum
shape is glocal

NL = (�5.8 ± 6.5) ⇥ 104 (68 % CL, statistical), while constraints for other trispectrum shapes are also determined. Exploiting the
tight limits on various bispectrum and trispectrum shapes, we constrain the parameter space of di↵erent early-Universe scenarios that generate
primordial NG, including general single-field models of inflation, multi-field models (e.g., curvaton models), models of inflation with axion
fields producing parity-violation bispectra in the tensor sector, and inflationary models involving vector-like fields with directionally-dependent
bispectra. Our results provide a high-precision test for structure-formation scenarios, showing complete agreement with the basic picture of the
⇤CDM cosmology regarding the statistics of the initial conditions, with cosmic structures arising from adiabatic, passive, Gaussian, and primordial
seed perturbations.

Key words. Cosmology: observations – Cosmology: theory – cosmic background radiation – early Universe – inflation – Methods: data analysis
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information yields a measurement of H(z)rd. Sometimes, these
two observables are combined to form the direction-averaged
quantity DV/rd ⌘

h

czD2
M(z)H�1(z)

i1/3
/rd.

For our BAO data compilation, we use the measure-
ments of DV/rd from the 6dF survey at an e↵ective redshift
ze↵ = 0.106 (Beutler et al. 2011), and the SDSS Main Galaxy
Sample at ze↵ = 0.15 (Ross et al. 2015), plus the final interpreta-
tion of the SDSS III DR12 data (Alam et al. 2016), with separate
constraints on H(z)rd and DM/rd in three correlated redshift bins
at ze↵ = 0.38, 0.51, and 0.61. In Addison et al. (2018), the same
set of BAO data combined with either non-Planck CMB data or
measurements of the primordial deuterium fraction was shown
to favour a cosmology fully consistent with, but independent of,
Planck data.

3. Planck 2018 results for the main inflationary

observables

As in PCI13 and PCI15, we start by describing Planck mea-
surements of the key inflationary parameters. Some of the re-
sults reported in this section can be found in the Planck Legacy
Archive.5

3.1. Results for the scalar spectral index

Planck temperature data in combination with the EE measure-
ment at low multipoles determine the scalar spectral tilt in the
⇤CDM model as

ns = 0.9626 ± 0.0057 (68 % CL, Planck TT+lowE) . (6)

This result for ns is compatible with the Planck 2015 68 % CL
value ns = 0.9655 ± 0.0062 for Planck TT+lowP (PCP15). The
slightly lower value for ns is mainly driven by a corresponding
shift in the average optical depth ⌧, now determined as

⌧ = 0.052 ± 0.008 (68 % CL, Planck TT+lowE) , (7)

which is to be compared with the Planck 2015 value
⌧ = 0.078 ± 0.022 (PCP15). This more precise determination
of ⌧ is due to better noise sensitivity of the HFI 100- and
143-GHz channels employed in the low-` SimAll polarization
likelihood, compared to the joint temperature-polarization like-
lihood based on the LFI 70-GHz channel in 2015. Because
of the degeneracy between the average optical depth and the
amplitude of the primordial power spectrum, As and �8 are
also lower than in the Planck 2015 release. These shifts from
the Planck 2015 values for the cosmological parameters have
been anticipated with the first results from the HFI large-
angular polarization pattern (Planck Collaboration Int. XLVI
2016; Planck Collaboration Int. XLVII 2016).

The trend toward smaller values for (ns,⌧) with respect to the
Planck 2015 release also occurs for di↵erent choices for the low-
` likelihood. By substituting Commander and SimAll with the
updated joint temperature-polarization pixel likelihood coming
from the LFI 70-GHz channel, we obtain in combination with
high-` temperature data:

ns = 0.9650 ± 0.0061 (68 % CL, Planck TT+lowP) ; (8)
⌧ = 0.072 ± 0.016 (68 % CL, Planck TT+lowP) . (9)

Although with larger errors, these latter results are consistent
with the shifts induced by a determination of a lower optical

5http://www.cosmos.esa.int/web/planck/pla

depth than in the Planck 2015 release,6 as found in Eqs. (6) and
(7). Given this broad agreement and the consistency in the values
of ⌧ derived with SimAll separately from the three cross-spectra
70 ⇥ 100, 70 ⇥ 143, and 100 ⇥ 143 (PPL18), we will mainly use
the baseline low-` likelihood in the rest of the paper.

As anticipated in 2015, the information in the high-` polar-
ization Planck data is powerful for breaking degeneracies in the
parameters and to further decrease parameter uncertainties com-
pared to temperature data alone. The addition of high-` polariza-
tion leads to a tighter constraint on ns:

ns = 0.9649 ± 0.0044
(68 % CL, Planck TT,TE,EE+lowE). (10)

This is in good agreement with the Planck 2015
TT,TE,EE+lowP 68 % CL result, ns = 0.9645 ± 0.0049.
In this 2018 release the mean value of ns is approximately 0.5�
larger than the temperature result in Eq. (6). This pull is mainly
due to a higher value for the scalar tilt preferred by Planck 2018
polarization and temperature-polarization cross-correlation data
only:

ns = 0.969 ± 0.009 (68 % CL, Planck TE,EE+lowE) . (11)

This pull is then mitigated in combination with temperature due
to the larger uncertainty in the determination by TE,EE only.
Similar considerations hold for the alternative CamSpec high-`
likelihood, which leads to a 68 % CL result ns = 0.9658±0.0045,
consistent with the baseline Plik reported in Eq. (10). Overall,
the cosmological parameters from Planck baseline temperature,
polarization, and temperature-polarization cross-correlation sep-
arately and combined are very consistent, as can be seen from
Table 2 and Fig. 2 for the ⇤CDM model.

After combining with Planck lensing, we obtain

ns = 0.9634 ± 0.0048
(68 % CL, Planck TT+lowE+lensing), (12)

ns = 0.9649 ± 0.0042
(68 % CL, Planck TT,TE,EE+lowE+lensing). (13)

The shift in ns (and, more generally, in the cosmological pa-
rameters of the base-⇤CDM model) obtained when Planck lens-
ing is combined with TT,TE,EE+lowE is smaller than in 2015
because of the improved polarization likelihoods. The com-
bination with lensing is, however, powerful for breaking pa-
rameter degeneracies in extended cosmological models, and,
therefore, for this 2018 release we will consider the full in-
formation contained in temperature, polarization, and lensing,
i.e., TT,TE,EE+lowE+lensing, as the baseline Planck data set.
Figure 3 shows a comparison of the Planck 2018 baseline re-
sults with those from alternative likelihoods and from the 2015
baseline for the ⇤CDM cosmological parameters.

As in 2013 and 2015, BAO measurements from galaxy sur-
veys are consistent with Planck. When BAO data are combined,
we obtain for the base-⇤CDM cosmology:

ns = 0.9665 ± 0.0038 (14)
(68 % CL, Planck TT,TE,EE+lowE+lensing+BAO) .

The combination with BAO data decreases (increases) the
marginalized value of ⌦ch2 (⌦bh2) obtained by Planck, and this
e↵ect is compensated for by a shift in ns towards slightly larger
values.

6As in 2015, the combination with high-` data pulls ⌧ to larger val-
ues than the low-` pixel likelihood alone, i.e. ⌧ = 0.063± 0.020 at 68 %
CL; see Sect. 2. This e↵ect is less pronounced for the SimAll likeli-
hood.
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Parameter TT+lowE EE+lowE TE+lowE TT,TE,EE+lowE TT,TE,EE+lowE+lensing
⌦bh2 0.02212 ± 0.00022 0.0240 ± 0.0012 0.02249 ± 0.00025 0.02236 ± 0.00015 0.02237 ± 0.00015
⌦ch2 0.1206 ± 0.0021 0.1158 ± 0.0046 0.1177 ± 0.0020 0.1202 ± 0.0014 0.1200 ± 0.0012

100✓MC 1.04077 ± 0.00047 1.03999 ± 0.00089 1.04139 ± 0.00049 1.04090 ± 0.00031 1.04092 ± 0.00031
⌧ 0.0522 ± 0.0080 0.0527 ± 0.0090 0.0496 ± 0.0085 0.0544+0.0070

�0.0081 0.0544 ± 0.0073
ln(1010As) 3.040 ± 0.016 3.052 ± 0.022 3.018+0.0020

�0.0018 3.045 ± 0.016 3.044 ± 0.014
ns 0.9626 ± 0.0057 0.980 ± 0.015 0.967 ± 0.011 0.9649 ± 0.0044 0.9649 ± 0.0042
H0 66.88 ± 0.92 69.9 ± 2.7 68.44 ± 0.91 67.27 ± 0.60 67.36 ± 0.54
⌦m 0.321 ± 0.013 0.289+0.026

�0.033 0.301 ± 0.012 0.3166 ± 0.0084 0.3153 ± 0.0073
�8 0.8118 ± 0.0089 0.796 ± 0.018 0.793 ± 0.011 0.8120 ± 0.0073 0.8111 ± 0.0060

Table 2. Confidence limits for the cosmological parameters in the base-⇤CDM model from Planck temperature, polarization, and
temperature-polarization cross-correlation separately and combined, in combination with the EE measurement at low multipoles.

3.2. Ruling out ns = 1

One of the main findings drawn from previous Planck releases
was that the scale-independent Harrison-Zeldovich (HZ) spec-
trum (Harrison 1970; Zeldovich 1972; Peebles & Yu 1970) is
decisively ruled out. This conclusion is reinforced in this re-
lease: in standard ⇤CDM late-time cosmology, the scalar spec-
tral index from Table 2 lies 6.6, 8.0, and 8.4� away from ns =
1, for Planck TT+lowE, Planck TT,TE,EE+lowE, and Planck
TT,TE,EE+lowE+lensing, respectively. The corresponding ef-
fective ��2 between the power-law spectrum and the best-fit HZ
model are ��2 = 43.9, 66.9, and 72.4.

Simple one-parameter modifications of the cosmological
model are not su�cient to reconcile a scale-invariant power
spectrum with Planck data. For instance, when the e↵ective
number of neutrino species Ne↵ is allowed to float for a cos-
mology with a scale-invariant spectrum, the e↵ective ��2 with
respect to the power-law spectrum are ��2 = 12.9, 27.5, and
30.2, respectively.

When instead the assumption of flat spatial sections is
relaxed,7 we obtain e↵ective ��2 values of ��2 = 11.8,
28.8, and 40.9, respectively, for the same data sets. Therefore,
the corresponding closed cosmological models fitting Planck
TT+lowE (⌦K = �0.122+0.039

�0.029, H0 = 44.2+3.1
�4.3 km s�1 Mpc�1

at 68 % CL), Planck TT,TE,EE+lowE (⌦K = �0.095+0.029
�0.019,

H0 = 47.1 ± 3.2 km s�1 Mpc�1 at 68 % CL), and Planck
TT,TE,EE+lowE+lensing (⌦K = �0.032+0.006

�0.007, H0 = 58.9 ±
2.0 km s�1 Mpc�1 at 68 % CL) provide a worse fit compared to
the tilted flat ⇤CDM model.8

3.3. Constraints on the scale dependence of the scalar

spectral index

The Planck 2018 data are consistent with a vanish-
ing running of the scalar spectral index. Using Planck

7For non-flat models the power spectra encode the eigenvalues of
the corresponding Laplacian operator of the spatial sections and scale
invariance holds at scales much smaller than the curvature radius.

8This is not a new result based on the Planck 2018 release, but
just an update of a similar conclusion also reached with the Planck
2015 data. Compared to the flat ⇤CDM tilted model, we obtain
��2 = 12.3, 34.8, and 45 with Planck 2015 TT+lowP, Planck 2015
TT,TE,EE+ lowP, and Planck 2015 TT,TE,EE+lowP+lensing, respec-
tively. Therefore, even with Planck 2015 data, a closed model with
ns = 1 provides a worse fit than tilted ⇤CDM and is not compelling
as claimed in Ooba et al. (2017).

TT,TE,EE+lowE+lensing we obtain

dns

d ln k
= �0.0045 ± 0.0067 (68 % CL) . (15)

These results are consistent with, and improve on, the Planck
2015 result, dns/d ln k = �0.008 ± 0.008 (PCP15).

As discussed in PCI13 and PCI15, a better fit to the temper-
ature low-` deficit was found in 2015, thanks to a combination
of non-negative values for the running and the running of the
running. The Planck 2018 release has significantly reduced the
parameter volume of this extension of the base-⇤CDM model.
The Planck 2018 TT(TT,TE,EE)+lowE+lensing constraints for
the model including running of running are

ns = 0.9587 ± 0.0056 (0.9625 ± 0.0048) , (16)
dns/d ln k = 0.013 ± 0.012 (0.002 ± 0.010) , (17)

d2ns/d ln k2 = 0.022 ± 0.012 (0.010 ± 0.013) , (18)

all at 68 % CL. It is interesting to note that the high-` tempera-
ture data still allow a sizable value for the running of the running,
although slightly decreased with respect to the Planck 2015 re-
sults (PCI15). However, when high-` Planck 2018 polarization
data are also included, dns/d ln k and d2ns/d ln k2 are tightly con-
strained.

The model including a scale-dependent running can produce
a better fit to the low-` deficit at the cost of an increase of power
at small scales; this latter e↵ect is constrained in this release. As
an example of a model with suppression only on large scales, we
also reconsider the phenomenological model with an exponen-
tial cuto↵:

PR(k) = P0(k)
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which can be motivated by a short stage of infla-
tion (Contaldi et al. 2003; Cline et al. 2003) (see also
Kuhnel & Schwarz (2010), Hazra et al. (2014a), and
Gruppuso et al. (2016) for other types of large-scale sup-
pressions). We do not find any statistically significant detection
of kc using either logarithmic or linear priors and for di↵erent
values of �c, with any combination of Planck baseline likeli-
hoods. We have also checked that these results depend only
weakly on the exclusion of the EE quadrupole in SimAll and
are stable to the substitution of Commander and SimAll with the
joint temperature-polarization likelihood based on the 70-GHz
channel.

10

ln
�
1010As

�
= 3.044± 0.014

9
>>=

>>;

(68%CL,Planck TandE)

 constraints on the primordial fluctuations are given in terms of  



Inflation - a framework to causally generate coherent perturbations 

4

t

xcdc

t0

t eq

0

H-1 (t)

FIG. 3: Sketch illustrating the formation of structure prob-
lem of Standard Cosmology: the physical wavelength of fluc-
tuations on fixed comoving scales which correspond to the
large-scale structures observed in the universe is larger than
the horizon at the time teq of equal matter and radiation, the
time when matter fluctuations begin to grow. Hence, it is
impossible to explain the origin of non-trivial correlations of
the seeds for the fluctuations which had to have been present
at that time.

FIG. 4: A sketch showing the time line of inflationary cos-
mology. The period of accelerated expansion begins at time
ti and end at tR. The time evolution after tR corresponds to
what happens in Standard Cosmology.

D. Inflation as a Solution

The idea of inflationary cosmology is to add a period
to the evolution of the very early universe during which
the scale factor undergoes accelerated expansion - most
often nearly exponential growth. The time line of infla-
tionary cosmology is sketched in Figure 4. The time ti is
the beginning of the inflationary period, and tR is its end
(the meaning of the subscript R will become clear later).
Although inflation is usually associated with physics at
very high energy scales, e.g. E ∼ 1016Gev, all that is
required from the initial basic considerations is that in-
flation ends before the time of nucleosynthesis.
During the period of inflation, the density of any pre-

existing particles is red-shifted. Hence, if inflation is to be
viable, it must contain a mechanism to heat the universe
at tR, a “reheating” mechanism - hence the subscript R
on tR. This mechanism must involve dramatic entropy
generation. It is this non-adiabatic evolution which leads
to a solution of the flatness problem, as the reader can
verify by inspecting equation (10) and allowing for en-

FIG. 5: Space-time sketch of inflationary cosmology. The ver-
tical axis is time, the horizontal axis corresponds to physical
distance. The solid line labelled k is the physical length of
a fixed comoving fluctuation scale. The role of the Hubble
radius and the horizon are discussed in the text.

tropy generation at the time tR.
A space-time sketch of inflationary cosmology is given

in Figure 5 . The vertical axis is time, the horizontal
axis corresponds to physical distance. Three different
distance scales are shown. The solid line labelled by k
is the physical length corresponding to a fixed comoving
perturbation. The second solid line (blue) is the Hubble
radius

lH(t) ≡ H−1(t) . (11)

The Hubble radius separates scales where microphysics
dominates over gravity (sub-Hubble scales) from ones on
which the effects of microphysics are negligible (super-
Hubble scales) 2. Hence, a necessary requirement for a
causal theory of structure formation is that scales we ob-
serve today originate at sub-Hubble lengths in the early
universe. The third length is the “horizon”, the forward
light cone of our position at the Big Bang. The horizon
is the causality limit. Note that because of the exponen-
tial expansion of space during inflation, the horizon is
exponentially larger than the Hubble radius. It is impor-
tant not to confuse these two scales. Hubble radius and
horizon are the same in Standard Cosmology, but in all
three early universe scenarios which will be discussed in
the following they are different.

2 This statement will be demonstrated later in these lectures.
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the seeds for the fluctuations which had to have been present
at that time.

FIG. 4: A sketch showing the time line of inflationary cos-
mology. The period of accelerated expansion begins at time
ti and end at tR. The time evolution after tR corresponds to
what happens in Standard Cosmology.

D. Inflation as a Solution

The idea of inflationary cosmology is to add a period
to the evolution of the very early universe during which
the scale factor undergoes accelerated expansion - most
often nearly exponential growth. The time line of infla-
tionary cosmology is sketched in Figure 4. The time ti is
the beginning of the inflationary period, and tR is its end
(the meaning of the subscript R will become clear later).
Although inflation is usually associated with physics at
very high energy scales, e.g. E ∼ 1016Gev, all that is
required from the initial basic considerations is that in-
flation ends before the time of nucleosynthesis.
During the period of inflation, the density of any pre-
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picture: Dodelson hep-ph/0309057  FIGURE 2. Evolution of the amplitudes of two Fourier modes with the same wavelength. After in-
flation, modes remain constant until they re-enter the horizon. After re-entry, they evolve under the
competing influences of pressure and gravity.

It is well known that inflation produces perturbations characterized by a Harrison-
Zel’dovich spectrum [10, 12]. This means that the amplitude of a particular Fourier
mode is drawn from a distribution with mean equal to zero and variance given by

⟨δ̃ (k)δ̃ ∗(k′)⟩= (2π)3δ 3(k−k′)P(k) (1)

where δ is the fractional overdensity with power spectrum P(k) proportional to kn.
A Harrison-Zel’dovich spectrum corresponds to n = 1, and most inflationary models
predict something very close to this. You might think then that the shape of the power
spectrum can be measured in observations, and this is what convinces us that inflation
is right. Well, it is true that we can measure the power spectrum, both of the matter and
of the radiation, and it is true that the observations agree with the theory. But this is not
what tingles our spines when we look at the data.
Rather, the truly striking aspect of perturbations generated during inflation is that

all Fourier modes all have the same phase. To understand what this means and how it
develops, consider Fig. 2 which shows a cartoon view of the evolution of the amplitudes
of two Fourier modes. Both oscillate quantum mechanically during inflation. Before
inflation ends, though, both leave the horizon, that is, their wavelengths get stretched so
much that no causal physics can alter them1. Once this happens, their amplitudes remain
constant. They stay constant up until the time much later on (for modes of interest this
might typically happen when the universe is 100,000 years old) when the modes re-
enter the horizon, at which time causal physics can once again affect their amplitudes.
The crucial point here is that as the modes re-enter the horizon, δ̇ is small. If we think
of each Fourier mode as a linear combination of a sin and a cos mode, inflation excites

1 Technically this occurs when the wavelength of the mode becomes greater than the Hubble radius, c/H.
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to a solution of the flatness problem, as the reader can
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The Hubble radius separates scales where microphysics
dominates over gravity (sub-Hubble scales) from ones on
which the effects of microphysics are negligible (super-
Hubble scales) 2. Hence, a necessary requirement for a
causal theory of structure formation is that scales we ob-
serve today originate at sub-Hubble lengths in the early
universe. The third length is the “horizon”, the forward
light cone of our position at the Big Bang. The horizon
is the causality limit. Note that because of the exponen-
tial expansion of space during inflation, the horizon is
exponentially larger than the Hubble radius. It is impor-
tant not to confuse these two scales. Hubble radius and
horizon are the same in Standard Cosmology, but in all
three early universe scenarios which will be discussed in
the following they are different.

2 This statement will be demonstrated later in these lectures.
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Interlude: Generating coherent perturbations via conjugate momentum suppression
 second-order action of scalar cosmological perturbations  

(from Einstein-Hilbert action with a FRW background)
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Interlude: Generating coherent perturbations via conjugate momentum suppression 

 temporal phase coherence at horizon re-entry implies that perturbations start as standing 
waves, i.e. dominance of one of the two components of the general solution (depending on 
the desired phase, which is fixed by CMB peaks position)
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Interlude: Generating coherent perturbations via conjugate momentum suppression 

 temporal phase coherence at horizon re-entry implies that perturbations start as standing 
waves, i.e. dominance of one of the two components of the general solution (depending on 
the desired phase, which is fixed by CMB peaks position)

 this is equivalent to asking that while outside the horizon perturbation modes become 
much larger than their conjugate momentum

4

that although a standing wave with general time phase
has fewer degrees of freedom (viz, 3) than the most gen-
eral solution (which has 4), it is possible to span the most
general solution from a superposition of sine and cosine
standing waves. Specifically, the most general solution
can be written either as two travelling waves, as in (14),
or as the two standing waves:

y(k) = S1 cos(ωη) + S2 sin(ωη) (19)

since equating the two expressions gives:

S1 =
c∞(k) + c†∞(−k)√

2ω
(20)

S2 =
c∞(k)− c†∞(−k)√

2ωi
. (21)

Obviously the Si (with i = 1, 2) have to be complex
in general (with Si = ρieφi) implying separate spatial
phases for the two waves. Indeed when (19) is inserted
in (1) and the complex conjugate is added we obtain:

y = 2ρ1 cos(ωη) cos(k · x+ φ1)

+ 2ρ2 sin(ωη) cos(k · x+ φ2) (22)

Thus, time sine and cosine standing waves (if allowed
independent spatial phases) are just a basis for the most
general solution, as much as the usual travelling wave
basis.
The standing wave basis is best suited for the definition

of a quantity that can be constrained experimentally, in
view of the last subsection. Given that the most general
late time solution can be written as (19) we can define in
general:

Σ =

!

!

!

!

S2

S1

!

!

!

!

2

. (23)

Then Σ ≫ 1 stands for the requirement that at late times
a standing wave of the right temporal phase be produced.
The usual constraint on isocurvature modes can be used
to constrain Σ directly.

III. THE CONNECTOR WITH THE EARLY
UNIVERSE

Given that all that is observationally needed is Σ ≫
1, one may wonder what is actually required from the
phase that produced the primordial fluctuations in order
to ensure it, and for which inflationary squeezing is often
blamed. Whatever this is, it must be inserted as an initial
condition into an expanding radiation dominated epoch,
from the previous phase that produced the fluctuations.
In gluing the fluctuations from the two phases one must
match ζ = y/z and ζ′ = p/z (in practice, in this paper,
this will be the same as matching y and p, since only their
ratio is relevant). In general there will be two modes,
one with y but no p, another with p but no y. One

should therefore define a quantity measuring the relative
strength of the two modes at the end of the primordial
phase.
We propose:

σ(k) =
|y(k)|2ω2

4|p(k)|2
(24)

for a measure of the relative strength of the two modes.
We will show later that this quantity reduces to the
“squeezing parameter” in the case of inflation. However
it is more general, and it has the virtue of connecting
directly to observable Σ, as we now show.
The gluing is invariably done with ωη ≪ 1 in the ex-

panding radiation phase (with η > 0), and in this limit
(19) produces:

y ≈ S1 + S2ωη (25)

p ≈ −
S1

η
. (26)

By matching y and p from a previous phase we have to
match the value of σ at the end of that phase to the value
σ0 at the beginning of the expanding radiation phase:

σ0 ≈
(ωη)2

4

!

!

!

!

1 +
S2

S1
ωη

!

!

!

!

2

, (27)

obtained by inserting (25) and (26) into (24). We see
that we do not need to require σ = σ0 ≫ 1 to ensure
Σ ≫ 1. As long as σ = σ0 is not much smaller than 1 we
have:

Σ ≈
4σ0

(ωη0)4
≫ 1. (28)

The reason is that the momentum mode, capable of gen-
erating a time cosine standing wave, is a decaying mode
in the expanding radiation phase. Its survival at re-
entry would require a very large initial condition. As
long as the momentum mode is comparable (or, in fact,
simply not ridiculously larger) than the momentum-free
mode, only the latter survives, and it produces a time
sine standing wave.
Although we have illustrated this point with a pure

radiation Universe, introducing a matter epoch does not
qualitatively change the discussion. Indeed the discus-
sion is valid for any equation of state, although the dis-
cussion is more complicated. The two basis described
in Section II C are then Bessel functions (for standing
waves) and Hankel functions (for travelling waves). In
general they may be mapped into one another; however
only one of the Bessel modes is regular at the origin (the
growing mode), so natural boundary conditions select out
the other Bessel component. This forms a standing wave
with the correct temporal phase.

IV. THE FORMALISM OF SQUEEZING

We now review the formalism of squeezing (following
the notation of [5]), stressing that, although it may al-

relative strength of perturbations  
and conjugate momentum 
(equivalent to squeezing parameter in inflationary models)

at the beginning of standard radiation phase:
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Inflation - constraints on the other power spectrum parameters  

PLANCK Collaboration 2018

 apart from the general features discussed before, the specific values of the parameters 
characterising primordial perturbations are highly model dependent

Planck Collaboration: Constraints on Inflation

Fig. 7. Marginalized joint two-dimensional 68 % and 95 % CL regions for combinations of (✏1 , ✏2 , ✏3) (upper panels) and (✏V , ⌘V , ⇠2V )
(lower panels) for Planck TT,TE,EE+lowE+lensing (red contours), compared with Planck TT,TE,EE+lowE+lensing+BK15 (blue
contours).
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68 % and 95 % CL regions assume dns/d ln k = 0.

data we use the full constraining power of Planck, i.e., Planck
TT,TE,EE+lowE+lensing, in combination with BK15.

The ��2 and the Bayesian evidence values for a selec-
tion of inflationary models with respect to the R2 model

17
 great source of theoretical uncertainty comes from the reheating phase
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FIG. 11: Space-time diagram (sketch) of inflationary cos-
mology including the two zones of ignorance - sub-Planckian
wavelengths and trans-Planckian densities. The symbols have
the same meaning as in Figure 1. Note, specifically, that -
as long as the period of inflation lasts a couple of e-foldings
longer than the minimal value required for inflation to address
the problems of standard big bang cosmology - all wavelengths
of cosmological interest to us today start out at the beginning
of the period of inflation with a wavelength which is in the
zone of ignorance.

the contracting period would last up to higher energy
densities than it does in the expanding phase.

A. Models for a Matter Bounce and Background
Cosmology

It follows from the singularity theorems of General Rel-
ativity (see e.g. [115]) that in order to obtain a non-
singular bounce we must either invoke matter which vi-
olates the weak energy condition, or go beyond General
Relativity. A review of ways to obtain a non-singular
cosmology is given in [19]. In the following we will only
mention a few recent attempts which the author of these
lecture notes has been involved in.
Introducing quintom matter [120] is a way of obtaining

a non-singular bouncing cosmology, as discussed in [18].
Quintom matter is a set of two matter fields, one of them
regular matter (obeying the weak energy condition), the
second a field with opposite sign kinetic term, a field
which violates the energy conditions. We can [18] model

both matter components with scalar fields. Let us denote
the mass of the regular one (ϕ) by m, and by M that of
the field ϕ̃ with wrong sign kinetic term. We assume that
early in the contracting phase both fields are oscillating,
but that the amplitude A of ϕ greatly exceeds the corre-
sponding amplitude Ã of ϕ̃ such that the energy density
is dominated by ϕ. Both fields will initially be oscillating
during the contracting phase, and both amplitudes grow
at the same rate. At some point, A will become so large
that the oscillations of ϕ freeze out 10. Then, A will grow
only slowly, whereas Ã will continue to increase. Thus,
the (negative) energy density in ϕ̃ will grow in absolute
values relative to that of ϕ. The total energy density will
decrease towards 0. At that point, H = 0 by the Fried-
mann equations. It can in fact easily be seen that Ḣ > 0
when H = 0. Hence, a non-singular bounce occurs. The
Higgs sector of the Lee-Wick model [121] provides a con-
crete realization of the quintom bounce model, as studied
in [24]. Quintom models like all other models with nega-
tive sign kinetic terms suffer from an instability problem
[122] in the matter sector and are hence problematic.

Turning to the second way of obtaining a non-singular
bounce, namely by modifying the gravitational action,
we should emphasize that modifications of the gravita-
tional action are expected at the high densities at which
the bounce will occur. Concrete examples were already
mentioned in the Introduction: the higher derivative La-
grangian resulting from the nonsingular universe con-
struction of [16], the model of [15] which is based on
a non-local higher derivative action which is ghost-free
about Minkowski space-time, mirage cosmologies [123]
resulting from the effective action of gravity on a brane
which is moving into and out of a high-curvature throat
in a higher-dimensional space-time.

More recently, interest has focused on a non-singular
bouncing cosmology which emerges from Horava-Lifshitz
gravity [21]. As shown in [20], if the spatial sections have
a non-vanishing spatial curvature constant k, then the
higher-derivative terms in the action will lead to terms
in the Friedmann equations which act as ghost radiation
and ghost anisotropic stress, i.e. terms of gravitational
origin and negative effective energy density which scale
as a−4 and a−6, respectively. Starting with a contract-
ing universe dominated by regular matter, eventually the
ghost terms will catch up and yield a non-singular bounce
in analogy to how the ghost matter in the quintom model
does.

The analysis of the spectrum of cosmological perturba-
tions on scales of current observational interest is, how-
ever, independent of the details of the bouncing phase,
as long as that phase is short compared to the time it
takes light to travel over the length scales of current in-
terest. We now turn to a discussion of the evolution of
fluctuations in a generic matter bounce model.

10 This corresponds to entering a region of large-field inflation.

Two zones of ignorance:  

sub-Planckian wavelengths  

trans-Planckian densities  

Martin, Brandenberger PRD 2001

Brandenberger, Martin CQG 2013 
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http://arxiv.org/abs/arXiv:1003.1745


Trans-Planckian problems of inflation 

23

FIG. 11: Space-time diagram (sketch) of inflationary cos-
mology including the two zones of ignorance - sub-Planckian
wavelengths and trans-Planckian densities. The symbols have
the same meaning as in Figure 1. Note, specifically, that -
as long as the period of inflation lasts a couple of e-foldings
longer than the minimal value required for inflation to address
the problems of standard big bang cosmology - all wavelengths
of cosmological interest to us today start out at the beginning
of the period of inflation with a wavelength which is in the
zone of ignorance.

the contracting period would last up to higher energy
densities than it does in the expanding phase.

A. Models for a Matter Bounce and Background
Cosmology

It follows from the singularity theorems of General Rel-
ativity (see e.g. [115]) that in order to obtain a non-
singular bounce we must either invoke matter which vi-
olates the weak energy condition, or go beyond General
Relativity. A review of ways to obtain a non-singular
cosmology is given in [19]. In the following we will only
mention a few recent attempts which the author of these
lecture notes has been involved in.
Introducing quintom matter [120] is a way of obtaining

a non-singular bouncing cosmology, as discussed in [18].
Quintom matter is a set of two matter fields, one of them
regular matter (obeying the weak energy condition), the
second a field with opposite sign kinetic term, a field
which violates the energy conditions. We can [18] model

both matter components with scalar fields. Let us denote
the mass of the regular one (ϕ) by m, and by M that of
the field ϕ̃ with wrong sign kinetic term. We assume that
early in the contracting phase both fields are oscillating,
but that the amplitude A of ϕ greatly exceeds the corre-
sponding amplitude Ã of ϕ̃ such that the energy density
is dominated by ϕ. Both fields will initially be oscillating
during the contracting phase, and both amplitudes grow
at the same rate. At some point, A will become so large
that the oscillations of ϕ freeze out 10. Then, A will grow
only slowly, whereas Ã will continue to increase. Thus,
the (negative) energy density in ϕ̃ will grow in absolute
values relative to that of ϕ. The total energy density will
decrease towards 0. At that point, H = 0 by the Fried-
mann equations. It can in fact easily be seen that Ḣ > 0
when H = 0. Hence, a non-singular bounce occurs. The
Higgs sector of the Lee-Wick model [121] provides a con-
crete realization of the quintom bounce model, as studied
in [24]. Quintom models like all other models with nega-
tive sign kinetic terms suffer from an instability problem
[122] in the matter sector and are hence problematic.

Turning to the second way of obtaining a non-singular
bounce, namely by modifying the gravitational action,
we should emphasize that modifications of the gravita-
tional action are expected at the high densities at which
the bounce will occur. Concrete examples were already
mentioned in the Introduction: the higher derivative La-
grangian resulting from the nonsingular universe con-
struction of [16], the model of [15] which is based on
a non-local higher derivative action which is ghost-free
about Minkowski space-time, mirage cosmologies [123]
resulting from the effective action of gravity on a brane
which is moving into and out of a high-curvature throat
in a higher-dimensional space-time.

More recently, interest has focused on a non-singular
bouncing cosmology which emerges from Horava-Lifshitz
gravity [21]. As shown in [20], if the spatial sections have
a non-vanishing spatial curvature constant k, then the
higher-derivative terms in the action will lead to terms
in the Friedmann equations which act as ghost radiation
and ghost anisotropic stress, i.e. terms of gravitational
origin and negative effective energy density which scale
as a−4 and a−6, respectively. Starting with a contract-
ing universe dominated by regular matter, eventually the
ghost terms will catch up and yield a non-singular bounce
in analogy to how the ghost matter in the quintom model
does.

The analysis of the spectrum of cosmological perturba-
tions on scales of current observational interest is, how-
ever, independent of the details of the bouncing phase,
as long as that phase is short compared to the time it
takes light to travel over the length scales of current in-
terest. We now turn to a discussion of the evolution of
fluctuations in a generic matter bounce model.

10 This corresponds to entering a region of large-field inflation.
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sub-Planckian wavelengths  

trans-Planckian densities  

 if inflation lasted slightly longer than the minimal required amount, all 
scales inside the Hubble radius today started out with a physical 
wavelength smaller than the Planck scale at the beginning of inflation  
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as long as the period of inflation lasts a couple of e-foldings
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resulting from the effective action of gravity on a brane
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a non-vanishing spatial curvature constant k, then the
higher-derivative terms in the action will lead to terms
in the Friedmann equations which act as ghost radiation
and ghost anisotropic stress, i.e. terms of gravitational
origin and negative effective energy density which scale
as a−4 and a−6, respectively. Starting with a contract-
ing universe dominated by regular matter, eventually the
ghost terms will catch up and yield a non-singular bounce
in analogy to how the ghost matter in the quintom model
does.

The analysis of the spectrum of cosmological perturba-
tions on scales of current observational interest is, how-
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as long as that phase is short compared to the time it
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 if inflation lasted slightly longer than the minimal required amount, all 
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UV modified dispersion relations - A toy model 

The velocity acquires a time dependence via the momentum
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MDR models - a framework to causally generate coherent perturbations
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 the horizon problem is solved for  
    (                         )

2

Then, in Section IV we highlight the observation that
most quantum-gravity studies favour a value of dS of
about 2, which in our approach can be modelled through
values of γ of about 2. We make the point that running
of spectral dimensions to dS = 2 is intimately connected
with a scale-invariant spectrum of cosmological pertur-
bations. We find that for γ = 2 the spectrum of cos-
mological perturbations is scale invariant, even without
inflation, both for modes inside and outside the horizon,
and for all equations of state.
For the rest of the paper we take this understanding

for dS = 2 (γ = 2) as the starting point for other ob-
servations of potential relevance for cosmology. In Sec-
tions VA and VB we take into account the evidence
provided by Planck [25], showing that the spectrum of
cosmological perturbations is indeed approximately, but
not exactly scale invariant. This leads us to suggest two
possibilities. It could be that the correct UV value of dS
is not exactly 2 but rather slightly larger (a possibility
modelled here with a γ slightly smaller than 2). Alter-
natively we could have a very slow transient from the IR
regime, with 4 spectral dimensions, to a UV regime with
dS = 2. Intriguingly this is possible only because the
CMB spectrum is slightly red, rather than slightly blue.
In Section VC we compute the spectrum of primordial
gravity waves. We find that the tensor to scalar ratio is
controlled by the UV ratio between the speed of gravity
and that of light. This would have to be rather small to
comply with observations.
Our work does not require inflation or any other stan-

dard way to solve the horizon and structure formation
problems. However, in Section VI we examine how our
results might be combined with inflation and the ekpy-
rotic Universe. Whilst we find incompatibility with the
former, we discover the pleasant result that scenarios
with running spectral dimensions might fix the main
shortcomings found in the simplest realisations of the
latter. In a concluding Section we summarise our main
results, highlighting the challenges they raise to the quan-
tum gravity community.

II. COSMOLOGICAL PERTURBATIONS

It is known that suitable density fluctuations would be
formed in the early universe as a result of a fast change in
their speed of propagation [26]. Bimetric varying speed
of light theories [27] and tachyacoustic cosmology [28]
are two possible ways of putting this mechanism to work.
The minimal bimetric theory leads to scale-invariant per-
turbations but it is also possible to obtain deviations from
strict scale-invariance, subject to consistency relations in-
volving the 3-point function [29, 30]. It is also possible to
implement this mechanism via deformed dispersion rela-
tions [31], as we now review.
The class of MDR on which we are focusing allows

us a formulation in terms of a higher order derivative
(HOD) theory where only higher order spatial derivatives

are used, thereby fending off ghosts. Assuming that the
gravitational equations are still those of Einstein gravity,
the key equation for the cosmological perturbations is
then:

v′′ +

!

c2k2 −
a′′

a

"

v = 0. (3)

In terms of the variable v the (comoving gauge) curvature
perturbation is given by ζ = −v/a. In this equation, as
usual in cosmology, modes are labeled by a comoving
(constant) k, which is nothing but the conserved charge
associated with translational invariance. However, the
physical wave-number of the mode is given by:

p =
k

a
(4)

i.e. the expansion stretches the wavelength of the mode.
This is the p that enters the MDR, for example (1). The
speed c appearing in (3) is to be obtained from the MDR,
with c = E/p. Specifically, for the MDR (1) we find for
λp ≫ 1:

c =
E

p
∝

#

λk

a

$γ

. (5)

We see that if we focus on a fixed comoving mode, as
is usual in cosmology, the presence of a frequency de-
pendent speed of light translates into a time-dependent
speed of light by proxy, via the expansion2. Considering
that a ∝ η

1
ϵ−1 with ϵ = 3

2 (1 + w), where w = p/ρ is
the equation of state, we can make contact with the law
c ∝ η−α used in [26], with

α =
γ

ϵ− 1
. (6)

In (3) we find a competition between the pressure term
(the first, describing inside-the-horizon acoustic oscilla-
tions) and the tachyonic mass term (the second, describ-
ing the Jeans instability, for outside the horizon modes).
All scenarios considered here are predicated on having
solved the horizon problem, i.e. the first term dominates
first, then the second. Since for a constant w we have
that a′′/a ∝ 1/η2 this translates into condition α > 1 if
η > 0. Thus for an expanding Universe we must have:

−
1

3
< w <

2γ − 1

3
. (7)

The situation is different for contracting models, as we
will show in Section VIB.

2 For the models considered here the phase speed (ω/k) and group
speed (dω/dk) are the same in the UV up to a factor of order
one.
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 do the modes outside the horizon generate standing waves at horizon 
re-entry?  
(i.e. does the conjugate momentum decay?)
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MDR models - generation of standing waves 

the conjugate momentum is suppressed by expansion for 

 outside the horizon the equation of motion is v(k, ⌘)00 ⇡ a00

a
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growing mode solution:

decaying mode solution:
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MDR models - Scale invariance of the power spectrum 

for    =2�                scale-invariant spectrum already inside the horizon  
and for any equation of state - no need for inflationary expansion!

Amelino-Camelia, Arzano, Gubitosi, Magueijo PRD 2013

 the solution to the EOM can be found separately on small and large scales as for inflation 

 the power spectrum is found by matching the solutions at horizon crossing

at small scales: 

at large scales: v ⇠ F (k)a
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 same result as that found in the renormalizable (z=3) Horava-Lifshitz model

Mukohyama  JCAP 2009



What is special about γ=2 ?

 the momentum space is 2-dimensional in the UV (also the spectral dimension is 2)

using momentum variables such that the dispersion relation trivial  all non-trivial effects 
are transferred to the momentum space measure

p̃ = p
p
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p2dp ! p̃
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1+� dp̃

dE,p̃ = 1 +
3
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in fact, any model with UV dimension 2 has a scale-invariant spectrum (in flat spacetime)
Arzano, Gubitosi, Magueijo, Amelino-Camelia  PRD 2015
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MDR models - additional phenomenological constraints 

 the amplitude of the fluctuations sets a hierarchy between the Planck scale and the UV scale 
Amelino-Camelia, Arzano, Gubitosi, Magueijo PRD 2013
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solutions to the equation of motion (5) inside and outside
the horizon. While modes are inside the horizon the first
term in brackets in (5) dominates.4 Then the normalised
vacuum solution is given, up to a phase, by [1]:

vk ⇠ 1p
c(k, a)k

=

r
a�

��k�+1
, (8)

where we used the UV value of the velocity,

c =

✓
�k

a

◆�

. (9)

This solution has to be matched to the one outside the
horizon, when the second term in brackets in (5) domi-
nates. For this solution one can make the ansatz:

vk ⇠ F (k)a , (10)

where the function F (k) is determined by the matching
condition at horizon crossing. It is immediate to see that
for � = 2 the power spectrum P⇣(k) ⇠ k3|vk|2 is already
scale invariant inside the horizon. Given that in this case
the dependence on the scale factor is the same inside and
outside the horizon, the scale invariance is maintained at
horizon crossing, independently of the equation of state.

However, because the power spectrum is observed to
be slightly red, P⇣(k) ⇠ knS�1 with spectral index nS '
0.96 [16], one must require [1] that � . 2 at the time
perturbations cross the horizon.5 In this case however the
scale factor does not cancel out anymore when matching
the modes at horizon crossing, so that a dependence on
the equation of state parameter w is introduced. In fact,
the matching condition for general values of � reads:

r
a�

��k�+1
= F (k)a, (11)

to be computed at horizon crossing, that is when the two
terms in brackets in (5) have equal magnitude:

c(k, a)2k2 =

����
a00

a

���� ) k�+1 / a��1/m . (12)

Plugging this into (11) one obtains:

nS � 1 =
(� � 2)(m+ 1)

1�m�
=

3(� � 2)(1 + w)

1 + 3w � 2�
, (13)

which for the observed value of the spectral index nS and
reasonable values of the equation of state parameter (see
following Section), implies that � falls in the range

� 2 (1.98, 2) . (14)

4 The following Section demonstrates that in MDR models the
horizon problem is indeed solved, so that modes start o↵ inside
the horizon and subsequently exit.

5 This can either be the actual value of �, or some e↵ective value
at an intermediate sub-UV regime [1].

The deformation parameter � is constrained by the
amplitude of the power spectrum,

AS = P⇣(k⇤) ' 2 · 10�9 , (15)

at k⇤ = 0.05 Mpc�1 [17]. In fact, the power spectrum
depends on the ratio between the energy scale ��1 and
the Planck energy as follows:
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k3
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2

=
k2

4⇡2

1

a2M2
P c

=
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4⇡2

a��2

M2
P�

�
,

(16)
in which MP = 2.4 · 1027 eV is the reduced Planck mass.
Using � ' 2 one finds:

��1 ' 3 · 10�4MP ' 7 · 1023 eV . (17)

So the dispersion relation of perturbations is deformed
at a scale that is a few orders of magnitude below the
Planck scale.
Of course the constraints (14) and (17) only apply to

the dispersion relation of scalar perturbations. Even as-
suming that tensor perturbations obey a deformed dis-
persion relation similar to that of scalar perturbations,
its parameters can in principle take di↵erent values:

E2 = p2
�
1 + (�T p)2�T

�
, (18)

where the index T denotes parameters referring to ten-
sor modes. Since tensor perturbations have not been ob-
served yet �T is unconstrained. On the other hand, the
observational upper bound on the tensor-to-scalar ratio
r < 0.07 [18] implies a lower bound on the deformation
parameter �T . In fact, defining the tensor amplitude AT

in a similar way as the scalar amplitude one finds

r ⌘ AT

AS
=

✓
k

a

◆���T

�����T

T . (19)

Assuming that the velocity of tensor modes has a similar
power-law as scalar modes, �T ' �:

r '
✓

�

�T

◆�

, (20)

so that

r < 0.07 ) �T > 4� . (21)

Note that higher-order corrections to the dispersion rela-
tion of gravity waves of the sort we are considering here
are very poorly constrained, the best current limit being
given by observations of black hole binaries [19]. So in
principle �T could be several orders of magnitude larger
than �.

III. MDR SOLUTION TO THE HORIZON
PROBLEM

In order for a model of the primordial universe to be
phenomenologically viable, the scalar modes contributing

nS � 1 =
3(� � 2)(1 + w)

1 + 3w � 2�
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in which MP = 2.4 · 1027 eV is the reduced Planck mass.
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Of course the constraints (14) and (17) only apply to
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persion relation similar to that of scalar perturbations,
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where the index T denotes parameters referring to ten-
sor modes. Since tensor perturbations have not been ob-
served yet �T is unconstrained. On the other hand, the
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in a similar way as the scalar amplitude one finds

r ⌘ AT

AS
=

✓
k

a

◆���T

�����T

T . (19)

Assuming that the velocity of tensor modes has a similar
power-law as scalar modes, �T ' �:

r '
✓

�

�T

◆�

, (20)

so that

r < 0.07 ) �T > 4� . (21)

Note that higher-order corrections to the dispersion rela-
tion of gravity waves of the sort we are considering here
are very poorly constrained, the best current limit being
given by observations of black hole binaries [19]. So in
principle �T could be several orders of magnitude larger
than �.
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In order for a model of the primordial universe to be
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scale invariant inside the horizon. Given that in this case
the dependence on the scale factor is the same inside and
outside the horizon, the scale invariance is maintained at
horizon crossing, independently of the equation of state.

However, because the power spectrum is observed to
be slightly red, P⇣(k) ⇠ knS�1 with spectral index nS '
0.96 [16], one must require [1] that � . 2 at the time
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scale factor does not cancel out anymore when matching
the modes at horizon crossing, so that a dependence on
the equation of state parameter w is introduced. In fact,
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4 The following Section demonstrates that in MDR models the
horizon problem is indeed solved, so that modes start o↵ inside
the horizon and subsequently exit.

5 This can either be the actual value of �, or some e↵ective value
at an intermediate sub-UV regime [1].
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amplitude of the power spectrum,
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in which MP = 2.4 · 1027 eV is the reduced Planck mass.
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at a scale that is a few orders of magnitude below the
Planck scale.
Of course the constraints (14) and (17) only apply to

the dispersion relation of scalar perturbations. Even as-
suming that tensor perturbations obey a deformed dis-
persion relation similar to that of scalar perturbations,
its parameters can in principle take di↵erent values:
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where the index T denotes parameters referring to ten-
sor modes. Since tensor perturbations have not been ob-
served yet �T is unconstrained. On the other hand, the
observational upper bound on the tensor-to-scalar ratio
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Note that higher-order corrections to the dispersion rela-
tion of gravity waves of the sort we are considering here
are very poorly constrained, the best current limit being
given by observations of black hole binaries [19]. So in
principle �T could be several orders of magnitude larger
than �.
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In order for a model of the primordial universe to be
phenomenologically viable, the scalar modes contributing

(this is also the condition for suppression of conjugate momentum)

from observational bounds:



Observing the early universe - the future 



Observing the early universe - the future 

Credits: NASA



MDR models - primordial gravity waves 

Amelino-Camelia, Arzano, Gubitosi, Magueijo PRD 2013
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nates. For this solution one can make the ansatz:

vk ⇠ F (k)a , (10)
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scale invariant inside the horizon. Given that in this case
the dependence on the scale factor is the same inside and
outside the horizon, the scale invariance is maintained at
horizon crossing, independently of the equation of state.

However, because the power spectrum is observed to
be slightly red, P⇣(k) ⇠ knS�1 with spectral index nS '
0.96 [16], one must require [1] that � . 2 at the time
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4 The following Section demonstrates that in MDR models the
horizon problem is indeed solved, so that modes start o↵ inside
the horizon and subsequently exit.

5 This can either be the actual value of �, or some e↵ective value
at an intermediate sub-UV regime [1].

The deformation parameter � is constrained by the
amplitude of the power spectrum,
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in which MP = 2.4 · 1027 eV is the reduced Planck mass.
Using � ' 2 one finds:
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at a scale that is a few orders of magnitude below the
Planck scale.
Of course the constraints (14) and (17) only apply to
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where the index T denotes parameters referring to ten-
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are very poorly constrained, the best current limit being
given by observations of black hole binaries [19]. So in
principle �T could be several orders of magnitude larger
than �.
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scale invariant inside the horizon. Given that in this case
the dependence on the scale factor is the same inside and
outside the horizon, the scale invariance is maintained at
horizon crossing, independently of the equation of state.

However, because the power spectrum is observed to
be slightly red, P⇣(k) ⇠ knS�1 with spectral index nS '
0.96 [16], one must require [1] that � . 2 at the time
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at a scale that is a few orders of magnitude below the
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tion of gravity waves of the sort we are considering here
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given by observations of black hole binaries [19]. So in
principle �T could be several orders of magnitude larger
than �.

III. MDR SOLUTION TO THE HORIZON
PROBLEM

In order for a model of the primordial universe to be
phenomenologically viable, the scalar modes contributing

3

solutions to the equation of motion (5) inside and outside
the horizon. While modes are inside the horizon the first
term in brackets in (5) dominates.4 Then the normalised
vacuum solution is given, up to a phase, by [1]:
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for � = 2 the power spectrum P⇣(k) ⇠ k3|vk|2 is already
scale invariant inside the horizon. Given that in this case
the dependence on the scale factor is the same inside and
outside the horizon, the scale invariance is maintained at
horizon crossing, independently of the equation of state.

However, because the power spectrum is observed to
be slightly red, P⇣(k) ⇠ knS�1 with spectral index nS '
0.96 [16], one must require [1] that � . 2 at the time
perturbations cross the horizon.5 In this case however the
scale factor does not cancel out anymore when matching
the modes at horizon crossing, so that a dependence on
the equation of state parameter w is introduced. In fact,
the matching condition for general values of � reads:
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4 The following Section demonstrates that in MDR models the
horizon problem is indeed solved, so that modes start o↵ inside
the horizon and subsequently exit.

5 This can either be the actual value of �, or some e↵ective value
at an intermediate sub-UV regime [1].

The deformation parameter � is constrained by the
amplitude of the power spectrum,

AS = P⇣(k⇤) ' 2 · 10�9 , (15)
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in which MP = 2.4 · 1027 eV is the reduced Planck mass.
Using � ' 2 one finds:
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So the dispersion relation of perturbations is deformed
at a scale that is a few orders of magnitude below the
Planck scale.
Of course the constraints (14) and (17) only apply to

the dispersion relation of scalar perturbations. Even as-
suming that tensor perturbations obey a deformed dis-
persion relation similar to that of scalar perturbations,
its parameters can in principle take di↵erent values:
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where the index T denotes parameters referring to ten-
sor modes. Since tensor perturbations have not been ob-
served yet �T is unconstrained. On the other hand, the
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Note that higher-order corrections to the dispersion rela-
tion of gravity waves of the sort we are considering here
are very poorly constrained, the best current limit being
given by observations of black hole binaries [19]. So in
principle �T could be several orders of magnitude larger
than �.
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solutions to the equation of motion (5) inside and outside
the horizon. While modes are inside the horizon the first
term in brackets in (5) dominates.4 Then the normalised
vacuum solution is given, up to a phase, by [1]:

vk ⇠ 1p
c(k, a)k

=

r
a�

��k�+1
, (8)

where we used the UV value of the velocity,

c =

✓
�k

a

◆�

. (9)

This solution has to be matched to the one outside the
horizon, when the second term in brackets in (5) domi-
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vk ⇠ F (k)a , (10)

where the function F (k) is determined by the matching
condition at horizon crossing. It is immediate to see that
for � = 2 the power spectrum P⇣(k) ⇠ k3|vk|2 is already
scale invariant inside the horizon. Given that in this case
the dependence on the scale factor is the same inside and
outside the horizon, the scale invariance is maintained at
horizon crossing, independently of the equation of state.

However, because the power spectrum is observed to
be slightly red, P⇣(k) ⇠ knS�1 with spectral index nS '
0.96 [16], one must require [1] that � . 2 at the time
perturbations cross the horizon.5 In this case however the
scale factor does not cancel out anymore when matching
the modes at horizon crossing, so that a dependence on
the equation of state parameter w is introduced. In fact,
the matching condition for general values of � reads:
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reasonable values of the equation of state parameter (see
following Section), implies that � falls in the range
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4 The following Section demonstrates that in MDR models the
horizon problem is indeed solved, so that modes start o↵ inside
the horizon and subsequently exit.

5 This can either be the actual value of �, or some e↵ective value
at an intermediate sub-UV regime [1].

The deformation parameter � is constrained by the
amplitude of the power spectrum,

AS = P⇣(k⇤) ' 2 · 10�9 , (15)
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in which MP = 2.4 · 1027 eV is the reduced Planck mass.
Using � ' 2 one finds:

��1 ' 3 · 10�4MP ' 7 · 1023 eV . (17)

So the dispersion relation of perturbations is deformed
at a scale that is a few orders of magnitude below the
Planck scale.
Of course the constraints (14) and (17) only apply to

the dispersion relation of scalar perturbations. Even as-
suming that tensor perturbations obey a deformed dis-
persion relation similar to that of scalar perturbations,
its parameters can in principle take di↵erent values:
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where the index T denotes parameters referring to ten-
sor modes. Since tensor perturbations have not been ob-
served yet �T is unconstrained. On the other hand, the
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Note that higher-order corrections to the dispersion rela-
tion of gravity waves of the sort we are considering here
are very poorly constrained, the best current limit being
given by observations of black hole binaries [19]. So in
principle �T could be several orders of magnitude larger
than �.
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solutions to the equation of motion (5) inside and outside
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This solution has to be matched to the one outside the
horizon, when the second term in brackets in (5) domi-
nates. For this solution one can make the ansatz:

vk ⇠ F (k)a , (10)

where the function F (k) is determined by the matching
condition at horizon crossing. It is immediate to see that
for � = 2 the power spectrum P⇣(k) ⇠ k3|vk|2 is already
scale invariant inside the horizon. Given that in this case
the dependence on the scale factor is the same inside and
outside the horizon, the scale invariance is maintained at
horizon crossing, independently of the equation of state.
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perturbations cross the horizon.5 In this case however the
scale factor does not cancel out anymore when matching
the modes at horizon crossing, so that a dependence on
the equation of state parameter w is introduced. In fact,
the matching condition for general values of � reads:

r
a�

��k�+1
= F (k)a, (11)

to be computed at horizon crossing, that is when the two
terms in brackets in (5) have equal magnitude:

c(k, a)2k2 =

����
a00

a

���� ) k�+1 / a��1/m . (12)

Plugging this into (11) one obtains:

nS � 1 =
(� � 2)(m+ 1)

1�m�
=

3(� � 2)(1 + w)

1 + 3w � 2�
, (13)

which for the observed value of the spectral index nS and
reasonable values of the equation of state parameter (see
following Section), implies that � falls in the range

� 2 (1.98, 2) . (14)

4 The following Section demonstrates that in MDR models the
horizon problem is indeed solved, so that modes start o↵ inside
the horizon and subsequently exit.

5 This can either be the actual value of �, or some e↵ective value
at an intermediate sub-UV regime [1].

The deformation parameter � is constrained by the
amplitude of the power spectrum,

AS = P⇣(k⇤) ' 2 · 10�9 , (15)

at k⇤ = 0.05 Mpc�1 [17]. In fact, the power spectrum
depends on the ratio between the energy scale ��1 and
the Planck energy as follows:

P⇣(k) ⌘
k3

2⇡2

����
vk

aMP

����
2

=
k2

4⇡2

1

a2M2
P c

=
k2��

4⇡2

a��2

M2
P�

�
,

(16)
in which MP = 2.4 · 1027 eV is the reduced Planck mass.
Using � ' 2 one finds:

��1 ' 3 · 10�4MP ' 7 · 1023 eV . (17)

So the dispersion relation of perturbations is deformed
at a scale that is a few orders of magnitude below the
Planck scale.
Of course the constraints (14) and (17) only apply to

the dispersion relation of scalar perturbations. Even as-
suming that tensor perturbations obey a deformed dis-
persion relation similar to that of scalar perturbations,
its parameters can in principle take di↵erent values:

E2 = p2
�
1 + (�T p)2�T

�
, (18)

where the index T denotes parameters referring to ten-
sor modes. Since tensor perturbations have not been ob-
served yet �T is unconstrained. On the other hand, the
observational upper bound on the tensor-to-scalar ratio
r < 0.07 [18] implies a lower bound on the deformation
parameter �T . In fact, defining the tensor amplitude AT

in a similar way as the scalar amplitude one finds

r ⌘ AT

AS
=

✓
k

a

◆���T

�����T

T . (19)

Assuming that the velocity of tensor modes has a similar
power-law as scalar modes, �T ' �:

r '
✓

�

�T

◆�

, (20)

so that

r < 0.07 ) �T > 4� . (21)

Note that higher-order corrections to the dispersion rela-
tion of gravity waves of the sort we are considering here
are very poorly constrained, the best current limit being
given by observations of black hole binaries [19]. So in
principle �T could be several orders of magnitude larger
than �.

III. MDR SOLUTION TO THE HORIZON
PROBLEM

In order for a model of the primordial universe to be
phenomenologically viable, the scalar modes contributing

assuming tensor modes satisfy a power-law dispersion relation similarly to scalar modes



MDR models - primordial gravity waves 

Gubitosi, Magueijo PRD 2019

 modes with sufficiently small wavelengths might never exit the horizon, depending on the 
value of the UV scale 

modes in the range of next-generation ground-based interferometers (                                     ) 
could be affected if 
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in MDR models primordial gravity waves that exit the horizon might still not produce 
standing waves with the same phase as scalar modes at horizon re-entry

MDR models - primordial gravity waves 

traveling waves at horizon re-entry if w=1 

standing waves with different phase if w >1 
(different position of Doppler peaks)  

standing wave with same phase as scalar modes of w<1 

4

The minus sign represents the fact that growing η > 0
maps into growing τ < 0 if −1/3 < w ≤ 1 (or m ≥
1/2), needed for solving the horizon problem (see [4]).
Inserting (35) into (27) we recognize the solutions found
in [4], with amplitudes c(k) = c̃(k), with the sign of the
exponentials flipped (as explained there, this is needed
so that k points to the actual direction of propagation).

V. NON-CRITICAL MODELS AND GRAVITY
WAVES

It was shown in [4] that, should γ ̸= 2, then σ changes
in time and therefore will not be of order 1 at the end
of the primordial MDR phase, as is the case for γ = 2.
However, the observed red spectrum of scalar fluctua-
tions suggests γ < 2 (see [10]), for which it was shown
that σ increases in time, much as in inflation. Therefore
no new constraints upon the theory are obtained. The
situation would potentially be different if the spectrum
could be blue (and γ > 2), because then σ could decrease

during the MDR phase to the point where its growth in
the radiation epoch might not be enough to ensure the
production of the correct standing waves at horizon reen-
try. This cannot happen for scalar perturbations since
their spectrum has been observed to be red. For ten-
sor perturbations, however, it remains a possibility, with
implications explored in this Section.
As was stated in [10] much of the discussion for scalar

modes in MDR models can be replicated for tensor
modes, assuming a dispersion relation of the same form,
but with possibly different values for the parameters γ
and λ (cf. Eq. (2)). We should just add S and T labels
to all variables, to distinguish the two types of fluctua-
tions. The fact that λS could be different from λT leads
to different amplitudes (and thus controls the observable
tensor to scalar ratio r [10]). It could also be that the
exponents are different, γS ̸= γT , with the implication
that nS ̸= nT . Given that no primordial tensor modes
have yet been observed, we can speculate on the impli-
cations for the squeezing of tensor modes, should they
have a blue spectrum. Could it be that for a given range
of blue spectra the gravity waves reenter the horizon as
travelling waves, or even as standing waves with the com-
plementary phase to the one observed for scalar modes?
In order to answer this question we note that during

the MDR phase we have [4]:

σT ∝ a4−2γT , (36)

so that for γT > 2 it decreases in time starting from
a value of order 1. We should therefore evaluate the
evolution of σT in the radiation epoch, should it be fed a
very small σT from the primordial phase. Until σT ∼ 1
we have yT ≈ Bη/a and pT ≈ B′/a, so that

σT ∝ η2 (37)

(this is the same result as for a contracting radiation dom-
inated universe, since the evolution has σ ≪ 1 through-

out). Once σ ∼ 1 (if this ever happens), then y ≈ A and
p ≈ B′/a, and we have:

σT ∝ a4 ∝ η4. (38)

This is consistent with the formula relating σ0 and Σ in
[4], valid when σ0 is not much smaller than 1. In our
problem the two regimes (Eq. (37) and Eq. (38)) may
need to be considered.
We now need to work out the condition for the decay

in σT in the MDR phase to be severe enough that its
growth in the radiation epoch is not sufficient to make it
large upon horizon reentry. The specific dependence of
the scale factor on time depends on both the parameter
γT and the equation of state parameter w. The general-
ization of (35), relating the conformal MDR frame time
and the rainbow time τ for a generic γT , is:

η ∝ (−τ)
−1

γT m−1 (39)

so that the evolution of the scale factor is:

a ∝ (−τ)
−m

γT m−1 , (40)

for m defined in eq. (34) and γT m > 1. This last condi-
tion is needed so that we have inflation in the dual frame
and solve the horizon problem. In terms of the equation
of state parameter it is equivalent to

−
1

3
< w <

2γT − 1

3
, (41)

something that was know since [11]. Combining these
results we see that during the MDR phase:

σT ∝ (−τ)
−m(4−2γT )

γT m−1 . (42)

The advantage of using τ instead of η to discuss our
problem is that the ratio between |τ | at horizon first
crossing and the end of the MDR phase and the ratio of
|η| at horizon reentry and at the end of the MDR phase is
the same. Hence we can find directly the conditions for σ
not to decrease so much in the MDR phase so that it can-
not grow again to be large in the radiation epoch. The
condition is simply that the exponent in (42) be smaller
than the one in (37). The limiting condition (that the
exponent is 2) would translate into travelling waves on
reentry, since the momentum-free mode and the momen-
tum mode would have similar amplitudes. This happens
for m = 1/2, that is

w = 1 (43)

and any value of γT > 2 (see (41)). If 1 < w < 2γT−1
3

the exponent in (42) is larger than 2, indicating that the
momentum mode is dominant at horizon reentry. Thus
near-standing waves with a cosine temporal phase would
reenter the horizon. If w < 1, on the other hand, the
exponent in (42) is smaller than 2, so that the growth
of the momentum mode during the MDR phase is more

depending on the equation of state parameter during the MDR phase one might have different 
scenarios (assuming a standard radiation-dominated phase after the MDR phase)

conjugate momentum suppression parameter 

if the power spectrum is blue (                )  the conjugate momentum does not decay while 
outside  the horizon in the MDR phase

�T > 2



 Primordial cosmology and quantum gravity are two of the biggest open problems in 
modern physics — the winning strategy to solve them might be to address them together

Conclusions

 The quantum gravity regime in the primordial universe emerges in two different ways: 
wavelength of primordial perturbations and energy scale

 In this talk we focussed on Planckian wavelengths: quantum gravity effects might modify 
the propagation of perturbations in the UV

 Models with UV dimension slightly smaller than 2 are capable of producing coherent scalar 
perturbations with the observed slightly red power spectrum (UV dimension 2 corresponds 
to a scale invariant spectrum) — the amplitude of perturbations constraints the UV scale

 Tensor modes can be used to place further constraints: on the equation of state during the 
nonstandard phase, on the scale of UV modifications in the tensor sector, and on the energy 
dependence of their speed



Outlook 

 A complementary approach is to embrace inflation and try to embed it into a UV complete 
theory (focus on the Planckian energy scale problem of inflation). 

Gubitosi, Ooijer , Ripken, Saueressig JCAP 2018

Gubitosi, Ripken, Saueressig Found.Phys. 2019

 The models discussed in this talk break Lorentz symmetries . A natural framework that 
could retain the positive features of such models, while not being as disruptive, is that of 
Deformed Special Relativity, where Lorentz transformations between inertial observers are 
deformed so to accommodate modified dispersion relations without spoiling the relativity 
principle. 

 Preliminary results showed that DSR models can produce dimensional reduction to 2 in the 
UV and a scale invariant power spectrum in flat spacetime. Development of DSR models in 
curved spacetimes is underway. Amelino-Camelia, Arzano, Gubitosi, Magueijo PLB 2014


Gubitosi, Arzano, Magueijo PRD 2016

Ballesteros, Gubitosi, Gutierrez-Sagredo, Herranz, PLB 2017&PRD 2018  

 Recent encouraging results were found in the framework of Asymptotically Safe gravity, 
where the existence of a compatible RG trajectory was demonstrated.
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✦ The simplest (and oldest) inflationary model adds higher-order curvature terms to the 
Einstein-Hilbert action  (Starobinsky inflation - 1980)
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Planck Collaboration: Constraints on Inflation

Fig. 7. Marginalized joint two-dimensional 68 % and 95 % CL regions for combinations of (✏1 , ✏2 , ✏3) (upper panels) and (✏V , ⌘V , ⇠2V )
(lower panels) for Planck TT,TE,EE+lowE+lensing (red contours), compared with Planck TT,TE,EE+lowE+lensing+BK15 (blue
contours).
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Fig. 8. Marginalized joint 68 % and 95 % CL regions for ns and r at k = 0.002 Mpc�1 from Planck alone and in combination with
BK15 or BK15+BAO data, compared to the theoretical predictions of selected inflationary models. Note that the marginalized joint
68 % and 95 % CL regions assume dns/d ln k = 0.

data we use the full constraining power of Planck, i.e., Planck
TT,TE,EE+lowE+lensing, in combination with BK15.

The ��2 and the Bayesian evidence values for a selec-
tion of inflationary models with respect to the R2 model

17

✦ Currently one of the best-fitting inflationary models 
when compared to observations of the CMB
✦ Quite remarkable result given that Starobinsky’s is a 
‘zero parameter’ model: the only parameter B is 
determined by the amplitude of the power spectrum

  the other observables are only linked to the properties of the subsequent reheating phase 

Starobinsky inflation 
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Energy scale (eV) RG constraint

k � MP = 2.4⇥ 1027 NGFP

k ' kinfl = 1022 Bk ' Binfl = �6.7⇥ 10�39 eV�2

k ' klab = 10�5 Gk ' G = 6.7⇥ 10�57 eV�2

k ' kHub = 10�33 ⇤k ' ⇤ = 4⇥ 10�66 eV2

Table 2: Constraints on the f(R) action parameters in the RG framework at various scales.
The observational constraints are the same as in table 1. Moreover, we require that beyond
the (reduced) Planck scale MP ⌘ (8⇡G)�1/2, the RG flows towards a non-Gaussian fixed
point (NGFP).

phase diagram of the R2-model. In section 4 we impose the observational constraints on
the RG flow, and show that there indeed exists a RG trajectory satisfying all of them. The
main body of the paper concludes with a discussion of the implications of these results.
Technical details on converting f(R)-type Lagrangians to the Einstein frame and the �-
functions underlying the analysis obtained in [38] have been relegated to appendix A and
appendix B, respectively.

2 Observational constraints on gravity

The overall goal of this work is the construction of an RG trajectory passing through all
points listed in table 2. In this section we start by deriving the values of the couplings at the
corresponding energy scales based on cosmological observations made over di↵erent distance
scales.

At this stage the following introductory remark is in order. Table 2 may suggest that
only one parameter is constrained at each given energy scale. The derivation of these val-
ues assumes that the other parameters take “reasonable values” at the specified scale (the
meaning of this will be made precise below when discussing the individual constraints). In
particular, it is assumed that Newton’s coupling Gk does not run significantly between in-
flationary scales and the laboratory scales where it is currently measured. Denoting the
laboratory value of Newton’s constant by G, we introduce the reduced Planck mass MP by
the standard relation

MP = (8⇡G)�1/2 = 2.4⇥ 1027 eV . (2.1)

At this stage we adopt these properties as a working hypothesis. Once a viable RG trajectory
is found, we can check a posteriori that these working assumptions are indeed met.

2.1 Observational constraints from primordial cosmology

Assuming that the inflationary phase in the early universe originates from the R2-term
(Starobinsky inflation), the parameter B can be constrained by early time cosmological
observations. In the context of primordial cosmology, it is generally assumed that the en-
ergy density of matter and of the cosmological constant are negligible, meaning that these
components do not influence the background dynamics significantly. We take as a working
assumption that the RG flow of the cosmological constant is such that it does not spoil this
approximation and the contribution of ⇤kinfl to the early universe dynamics can be considered

– 3 –
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written as a ‘Higgs potential’ model
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✓
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where M4 = �MP
2

8B . When written in terms of the parameters (1.2) this constraint implies

M2
P Bk ' �1⇥ 109 , (2.5)

with k taken at horizon crossing, k = kinfl.

2.2 Late time cosmology

In the previous subsection we showed that early time cosmology provides a constraint on the
R2 coupling at high energy scales, kinfl. In contrast, late time cosmology is sensitive to the
value of the cosmological constant at very low energy scales corresponding roughly to the
current value of the Hubble parameter. Thus measurements of the cosmological constant are
done at an energy scale

kHub = 10�33 eV . (2.6)

While the constraint on B derived in the previous section relies on the assumption that
the R2 term dominates the universe dynamics at early times, here we make the complemen-
tary assumption that late-time dynamics is only sensitive to the standard Einstein-Hilbert
term R and the cosmological constant ⇤ (i.e. we rely on the standard ⇤CDM cosmological
model). Because the curvature is very small, the R2 term can be considered negligible, as
long as the RG flow does not drive the coupling B to extremely large values.

Current late-time cosmological observations are fully compatible with a universe dy-
namics governed at late times by a R�2⇤ action [46]. Specifically, the cosmological constant
density parameter takes the value

⌦⇤ ' 0.7 . (2.7)

Together with the current value of the Hubble parameter [47],

H0 ' 70 km s�1Mpc�1 , (2.8)

this allows to estimate the cosmological constant as follows:6

⌦⇤ ⌘ ⇢vac
⇢c

=
⇤

8⇡G

8⇡G

3H2
0

(2.9)

) ⇤ = ⌦⇤ · 3H2
0 ' 4⇥ 10�66 eV2 . (2.10)

2.3 Newton’s gravitational constant

Current estimates of Newton’s gravitational constant are based on laboratory experiments,
made on scales of about 10�2 � 100 m [47], corresponding to energies of 10�4 � 10�6 eV. We
use as reference scale the intermediate value:

klab ' 10�5 eV . (2.11)

The most up-to-date value of the Newton coupling is provided in [47]:

G = 6.7⇥ 10�57 eV�2. (2.12)

Since this value is obtained from a local measurement where the laws of gravity are captured
by Newtonian gravity, the result (2.12) is not sensitive to the value of the cosmological
constant or to the R2 coupling.

6Note that the main uncertainty on the value of the cosmological constant comes from the tension in
competing estimates of the Hubble constant, from the CMB [46] and from astrophysical observations (e.g.
[48]). However, this uncertainty is not significant for the purposes of our analysis.
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We discuss hybrid inflationary models predicting ns < 1 sep-
arately. As an example, the spontaneously broken SUSY model
(Dvali et al., 1994)

U(�) = ↵h⇤
4 ln

 

�

µ

!

(42)

predicts ns � 1 ⇡ �(1 + 3↵h/2)/N⇤ and r ⇡ 8↵h/N⇤. For ↵h ⌧ 1
and N⇤ ⇡ 50, ns ⇡ 0.98 is disfavoured by Planck+WP+BAO
data at more than 95% CL. However, more permissive entropy
generation priors allowing N⇤ < 50 or a non-negligible ↵h give
models consistent with the Planck data.

R2 inflation

Inflationary models can also be accommodated within extended
theories of gravity. These theories can be analysed either in the
original (Jordan) frame or in the conformally-related Einstein
frame with a Klein-Gordon scalar field. Due to the invariance of
curvature and tensor perturbation power spectra with respect to
this conformal transformation, we can use the same methodol-
ogy described earlier.

The first inflationary model proposed was of this type and
was based on higher order gravitational terms in the action
(Starobinsky, 1980)

S =
Z

d4x
p�g

M2
pl

2

 

R +
R2

6M2

!

, (43)

with the motivation to include semi-classical quantum effects.
The predictions for R2 inflation were first studied in Mukhanov
& Chibisov (1981) and Starobinsky (1983), and can be summa-
rized as ns�1 ⇡ �8(4N⇤+9)/(4N⇤+3)2 and r ⇡ 192/(4N⇤+3)2.
Since r is suppressed by another 1/N⇤ with respect to the scalar
tilt, this model predicts a tiny amount of gravitational waves.
This model predicts ns = 0.963 for N⇤ = 55 and is fully consis-
tent with the Planck constraints.

Non-minimally coupled inflaton

A non-minimal coupling of the inflaton to gravity with the action
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(44)
leads to several interesting consequences, such as a lowering of
the tensor-to-scalar ratio.

The case of a massless self-interacting inflaton (�0 = 0)
agrees with the Planck+WP data for ⇠ , 0. Within the range
50 < N⇤ < 60, this model is within the Planck+WP joint
95% CL region for ⇠ > 0.0019, improving on previous bounds
(Tsujikawa & Gumjudpai, 2004; Okada et al., 2010).

The amplitude of scalar perturbations is proportional to �/⇠2
for ⇠ � 1, and therefore the problem of tiny values for the infla-
ton self-coupling � can be alleviated (Spokoiny, 1984; Lucchin
et al., 1986; Salopek et al., 1989; Fakir & Unruh, 1990). The
regime �0 ⌧ Mpl is allowed and � could be the Standard
Model Higgs as proposed in Bezrukov & Shaposhnikov (2008)
at the tree level (see Barvinsky et al. (2008); Bezrukov &
Shaposhnikov (2009) for the inclusion of loop corrections). The
Higgs case with ⇠ � 1 has the same predictions as the R2 model
in terms of ns and r as a function of N⇤. The entropy generation
mechanism in the Higgs case can be more efficient than in the
R2 case and therefore predicts a slightly larger ns (Bezrukov &

Gorbunov, 2012). This model is fully consistent with the Planck
constraints.

The case with ⇠ < 0 and |⇠|�2
0/M

2
pl ⇠ 1 was also recently

emphasized in Linde et al. (2011). With the symmetry breaking
potential in Eq. 44, the large field case with � > �0 is disfavoured
by Planck data, whereas the small field case � < �0 is in agree-
ment with the data.

4.3. Running spectral index

We have shown that the single parameter Harrison-Zeldovich
spectrum does not fit the data and that at least the first two
terms As and ns in the expansion of the primordial power spec-
trum in powers of ln(k) given in Eq. 10 are needed. Here we
consider whether the data require the next term known as the
running of the spectral index (Kosowsky & Turner, 1995), de-
fined as the derivative of the spectral index with respect to ln k,
dns ,t/d ln k for scalar or tensor fluctuations. If the slow-roll ap-
proximation holds and the inflaton has reached its attractor so-
lution, dns/d ln k and dnt/d ln k are related to the potential slow-
roll parameters, as in Eqs. 17 and 18. In slow-roll single-field
inflation, the running is second order in the Hubble slow-roll
parameters, for scalar and for tensor perturbations (Kosowsky
& Turner, 1995; Leach et al., 2002), and thus is typically sup-
pressed with respect to ns � 1 and nt, which are first order. Given
the tight constraints on the first two slow-roll parameters ✏V and
⌘V (✏1 and ✏2) from the present data, typical values of the running
to which Planck is sensitive (Pahud et al., 2007) would generi-
cally be dominated by the contribution from the third derivative
of the potential, encoded in ⇠2V (or ✏3).

While it is easy to see that the running is invariant under a
change in pivot scale, the same does not hold for the spectral
index and the amplitude of the primordial power spectrum. It is
convenient to choose k⇤ such that dns/d ln k and ns are uncorre-
lated (Cortês et al., 2007). This approach minimizes the inferred
variance of ns and facilitates comparison with constraints on ns
in the power law models. Note, however, that the decorrelation
pivot scale kdec⇤ depends on both the model and the data set used.

We consider a model parameterizing the power spectrum us-
ing As(k⇤) , ns(k⇤), and dns/d ln k, where k⇤ = 0.05 Mpc�1. The
joint constraints on ns and dns/d ln k at the decorrelation scale of
kdec⇤ = 0.038 Mpc�1 are shown in Fig. 2. The Planck+WP con-
straints on the running do not change significantly when com-
plementary data sets such as Planck lensing, CMB high-`, and
BAO data are included. We find

dns/d ln k = �0.013 ± 0.009 (68% CL, Planck+WP) , (45)

which is negative at the 1.5� level. This reduces the uncertainty
compared to previous CMB results. Error bars are reduced by
60% compared to the WMAP 9-year results (Hinshaw et al.,
2013), and by 20–30% compared to WMAP supplemented by
SPT and ACT data (Hou et al., 2012; Sievers et al., 2013). Planck
finds a smaller scalar running than SPT + WMAP7 (Hou et al.,
2012), and larger than ACT + WMAP7 (Sievers et al., 2013). The
best fit likelihood improves by only ��2

e↵ ⇡ 1.5 (3 when high-`
data are included) with respect to the minimal case in which ns is
scale independent, indicating that the deviation from scale inde-
pendence is not very significant. The constraint for the spectral
index in this case is 0.9630 ± 0.0065 at 68% CL at the decor-
relation pivot scale k⇤ = 0.038 Mpc�1. This result implies that
the third derivative of the potential is small, i.e., |⇠2V | ⇠ 0.007,
but compatible with zero at 95% CL, for inflation at low energy
(i.e., with ✏V ⇡ 0).
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We discuss hybrid inflationary models predicting ns < 1 sep-
arately. As an example, the spontaneously broken SUSY model
(Dvali et al., 1994)
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predicts ns � 1 ⇡ �(1 + 3↵h/2)/N⇤ and r ⇡ 8↵h/N⇤. For ↵h ⌧ 1
and N⇤ ⇡ 50, ns ⇡ 0.98 is disfavoured by Planck+WP+BAO
data at more than 95% CL. However, more permissive entropy
generation priors allowing N⇤ < 50 or a non-negligible ↵h give
models consistent with the Planck data.

R2 inflation

Inflationary models can also be accommodated within extended
theories of gravity. These theories can be analysed either in the
original (Jordan) frame or in the conformally-related Einstein
frame with a Klein-Gordon scalar field. Due to the invariance of
curvature and tensor perturbation power spectra with respect to
this conformal transformation, we can use the same methodol-
ogy described earlier.

The first inflationary model proposed was of this type and
was based on higher order gravitational terms in the action
(Starobinsky, 1980)

S =
Z

d4x
p�g

M2
pl

2

 

R +
R2

6M2

!

, (43)

with the motivation to include semi-classical quantum effects.
The predictions for R2 inflation were first studied in Mukhanov
& Chibisov (1981) and Starobinsky (1983), and can be summa-
rized as ns�1 ⇡ �8(4N⇤+9)/(4N⇤+3)2 and r ⇡ 192/(4N⇤+3)2.
Since r is suppressed by another 1/N⇤ with respect to the scalar
tilt, this model predicts a tiny amount of gravitational waves.
This model predicts ns = 0.963 for N⇤ = 55 and is fully consis-
tent with the Planck constraints.

Non-minimally coupled inflaton

A non-minimal coupling of the inflaton to gravity with the action
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(44)
leads to several interesting consequences, such as a lowering of
the tensor-to-scalar ratio.

The case of a massless self-interacting inflaton (�0 = 0)
agrees with the Planck+WP data for ⇠ , 0. Within the range
50 < N⇤ < 60, this model is within the Planck+WP joint
95% CL region for ⇠ > 0.0019, improving on previous bounds
(Tsujikawa & Gumjudpai, 2004; Okada et al., 2010).

The amplitude of scalar perturbations is proportional to �/⇠2
for ⇠ � 1, and therefore the problem of tiny values for the infla-
ton self-coupling � can be alleviated (Spokoiny, 1984; Lucchin
et al., 1986; Salopek et al., 1989; Fakir & Unruh, 1990). The
regime �0 ⌧ Mpl is allowed and � could be the Standard
Model Higgs as proposed in Bezrukov & Shaposhnikov (2008)
at the tree level (see Barvinsky et al. (2008); Bezrukov &
Shaposhnikov (2009) for the inclusion of loop corrections). The
Higgs case with ⇠ � 1 has the same predictions as the R2 model
in terms of ns and r as a function of N⇤. The entropy generation
mechanism in the Higgs case can be more efficient than in the
R2 case and therefore predicts a slightly larger ns (Bezrukov &

Gorbunov, 2012). This model is fully consistent with the Planck
constraints.

The case with ⇠ < 0 and |⇠|�2
0/M

2
pl ⇠ 1 was also recently

emphasized in Linde et al. (2011). With the symmetry breaking
potential in Eq. 44, the large field case with � > �0 is disfavoured
by Planck data, whereas the small field case � < �0 is in agree-
ment with the data.

4.3. Running spectral index

We have shown that the single parameter Harrison-Zeldovich
spectrum does not fit the data and that at least the first two
terms As and ns in the expansion of the primordial power spec-
trum in powers of ln(k) given in Eq. 10 are needed. Here we
consider whether the data require the next term known as the
running of the spectral index (Kosowsky & Turner, 1995), de-
fined as the derivative of the spectral index with respect to ln k,
dns ,t/d ln k for scalar or tensor fluctuations. If the slow-roll ap-
proximation holds and the inflaton has reached its attractor so-
lution, dns/d ln k and dnt/d ln k are related to the potential slow-
roll parameters, as in Eqs. 17 and 18. In slow-roll single-field
inflation, the running is second order in the Hubble slow-roll
parameters, for scalar and for tensor perturbations (Kosowsky
& Turner, 1995; Leach et al., 2002), and thus is typically sup-
pressed with respect to ns � 1 and nt, which are first order. Given
the tight constraints on the first two slow-roll parameters ✏V and
⌘V (✏1 and ✏2) from the present data, typical values of the running
to which Planck is sensitive (Pahud et al., 2007) would generi-
cally be dominated by the contribution from the third derivative
of the potential, encoded in ⇠2V (or ✏3).

While it is easy to see that the running is invariant under a
change in pivot scale, the same does not hold for the spectral
index and the amplitude of the primordial power spectrum. It is
convenient to choose k⇤ such that dns/d ln k and ns are uncorre-
lated (Cortês et al., 2007). This approach minimizes the inferred
variance of ns and facilitates comparison with constraints on ns
in the power law models. Note, however, that the decorrelation
pivot scale kdec⇤ depends on both the model and the data set used.

We consider a model parameterizing the power spectrum us-
ing As(k⇤) , ns(k⇤), and dns/d ln k, where k⇤ = 0.05 Mpc�1. The
joint constraints on ns and dns/d ln k at the decorrelation scale of
kdec⇤ = 0.038 Mpc�1 are shown in Fig. 2. The Planck+WP con-
straints on the running do not change significantly when com-
plementary data sets such as Planck lensing, CMB high-`, and
BAO data are included. We find

dns/d ln k = �0.013 ± 0.009 (68% CL, Planck+WP) , (45)

which is negative at the 1.5� level. This reduces the uncertainty
compared to previous CMB results. Error bars are reduced by
60% compared to the WMAP 9-year results (Hinshaw et al.,
2013), and by 20–30% compared to WMAP supplemented by
SPT and ACT data (Hou et al., 2012; Sievers et al., 2013). Planck
finds a smaller scalar running than SPT + WMAP7 (Hou et al.,
2012), and larger than ACT + WMAP7 (Sievers et al., 2013). The
best fit likelihood improves by only ��2

e↵ ⇡ 1.5 (3 when high-`
data are included) with respect to the minimal case in which ns is
scale independent, indicating that the deviation from scale inde-
pendence is not very significant. The constraint for the spectral
index in this case is 0.9630 ± 0.0065 at 68% CL at the decor-
relation pivot scale k⇤ = 0.038 Mpc�1. This result implies that
the third derivative of the potential is small, i.e., |⇠2V | ⇠ 0.007,
but compatible with zero at 95% CL, for inflation at low energy
(i.e., with ✏V ⇡ 0).
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Towards a unified framework for late time and early time cosmology 
✦ two different gravitational theories seem to govern late time and early time cosmology 

✦ these two actions actually correspond to two very different regimes of gravity 

✦ we can posit that the complete cosmic history is indeed described by the full action  

   with the cosmological constant term only being relevant on very small energy scales and  
   the higher curvature term being dominant on large energy scales
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as subdominant. Then, once a viable RG trajectory is selected, we can check a posteriori
that this approximation is indeed met.

Neglecting the contribution of ⇤, the action (1.1) reduces to the so-called Starobinsky
model [4–6] for inflation. Inflationary models can be constrained by using observations of
the cosmic microwave background, as done most recently by the Planck collaboration [3].
Because these constraints rely on the inferred properties of primordial perturbations when
they left the Hubble horizon, we take the Hubble parameter at that time as the relevant
energy scale:3

kinfl = Hinfl ' 1022 eV. (2.2)

Constraints on inflationary models usually refer to parameters of the inflaton field po-
tential V (') [3, 39]. We can apply these results to the R2-model we are interested in, since at
the classical level f(R)-gravity can be rewritten using the equations of motion into an action
for gravity coupled to a scalar field ', with a potential V ('). Following the derivation of
appendix A, the action (1.1) with ⇤ = 0 leads to a scalar potential

V (') =
M2

P

8B

h
1� e�

p
2/3'/MP

i2
, (2.3)

which characterizes the Higgs inflation model [40, 41]. Recent constraints on this model are
reported in [39]:4

M ' 4⇥ 10�5MP , (2.4)

where M4 = �MP
2

8B . When written in terms of the parameters (1.2) this constraint implies

M2
P Bk ' �4⇥ 1016 , (2.5)

with k taken at horizon crossing, k = kinfl.

2.2 Late time cosmology

In the previous subsection we showed that early time cosmology provides a constraint on the
R2 coupling at high energy scales, kinfl. In contrast, late time cosmology is sensitive to the
value of the cosmological constant at very low energy scales corresponding roughly to the
current value of the Hubble parameter. Thus measurements of the cosmological constant are
done at an energy scale

kHub = 10�33 eV . (2.6)

While the constraint on B derived in the previous section relies on the assumption that
the R2 term dominates the universe dynamics at early times, here we make the complemen-
tary assumption that late-time dynamics is only sensitive to the standard Einstein-Hilbert
term R and the cosmological constant ⇤ (i.e. we rely on the standard ⇤CDM cosmological
model). Because the curvature is very small, the R2 term can be considered negligible, as
long as the RG flow does not drive the coupling B to extremely large values.

3What observations actually provide is an upper bound on the value of the Hubble parameter, Hinfl <
3.6⇥ 10�5MP . The fact that this is an upper bound rather than an estimate is because Hinfl /

p
r
0.1 , and we

only have upper bounds on the tensor-to-scalar ratio r [3]. The order of magnitude estimate that we give in
eq. (2.2) is based on the general expectation that r should not be much smaller than its current upper bound.

4As explained in appendix A, we are using an action with opposite overall sign with respect to the one
conventionally used in cosmology.
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1 Introduction

Observations of supernova explosions [1, 2] suggest that the universe is currently undergoing
a phase of accelerated expansion. Moreover, there are strong indications that the universe
also went through an early period of accelerated expansion [3] called inflation. This dynamics
may be recovered by introducing an inflaton field driving the dynamics of the early universe
and a positive cosmological constant triggering the accelerated expansion at late times. In
this paper, we explore the possibility that physics at trans-Planckian energies may set the
seed for the observed e↵ective dynamics of gravity below the Planck scale.

Our starting point is power-law f(R)-gravity, truncated at the second order in the Ricci
scalar R,

S[g] =
1

16⇡G

Z
d4 x

p�g
�
2⇤�R+BR2

�
. (1.1)

At early cosmological times, the higher-order curvature term gives rise to inflation through
the classical equations of motion [4–6]. Therefore, inflation can be seen as a purely gravi-
tational e↵ect, where the inflaton field is simply the additional gravitational scalar degree
of freedom described by the f(R) action. The (constant) lowest-order term plays the role
of the cosmological constant, and drives the late-time accelerated expansion. The action is
parameterized by three couplings, the cosmological constant ⇤, Newton coupling G, and the
R2-coupling B. Cosmological observations impose restrictions on these parameters. Each
of them is measured over a di↵erent distance scale, as explained in detail in section 2 and
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Energy scale (eV) Constraint

kinfl = 1022 B = �1.7⇥ 10�46 eV�2

klab = 10�5 G = 6.7⇥ 10�57 eV�2

kHub = 10�33 ⇤ = 4⇥ 10�66 eV2

Table 1: Observational constraints on the parameters of the action (1.1). For each parameter
we indicate the energy scale corresponding to the distance over which the measurement is
performed. These are the scale of inflation kinfl, the laboratory scale klab, and the Hubble
scale kHub.

summarized in table 1. In this paper we investigate whether the measured values of the
parameters are consistent with the asymptotic safety scenario of quantum gravity [7–13].1

The key idea of our analysis is that couplings like the ones appearing in the action (1.1)
acquire an energy dependence if gravity is promoted to a quantum field theory. This energy
dependence is encoded in the renormalization group (RG) flow of the theory and captured by
its �-functions. A consistent description of gravity valid on all scales may then be obtained
along Weinberg’s asymptotic safety conjecture [34]. In this scenario the gravitational inter-
actions at trans-Planckian energy are controlled by a non-Gaussian fixed point (NGFP) of
the gravitational RG flow. Solutions of the RG equations which are dragged into this fixed
point for increasing energy are termed asymptotically safe. The asymptotic safety condition
then places restrictions on the admissible values of the couplings and equips the construction
with predictive power. Starting from the seminal work by Reuter [35], there is substantial
evidence that such a UV fixed point for gravity exists [7–13]. In particular, this fixed point
persists in the presence of the Goro↵-Sagnotti two-loop counterterm [36].

Contact to the constraints listed in table 1 is then made by following the RG flow
emanating from the NGFP towards low energies. In this work this flow is constructed based
on the (Euclidean) action2

Sk[g] =
1

16⇡Gk

Z
d4 x

p
g
�
2⇤k �R+BkR

2
�
, (1.2)

where the subscript k implies that the couplings depend on the energy scale k. Within
this setting, an asymptotically safe RG trajectory describing Nature (including a quantum
gravity induced inflationary phase) should then meet the requirements summarized in table 2.
The existence of a RG trajectory that meets all these constraints is highly nontrivial and
constitutes the main result of this work.

1Cosmological implications of Asymptotic Safety have received considerable attention [14–32], also see
[33] for an up-to-date review. These works incorporate the leading quantum gravity e↵ects by a so-called
renormalization group improvement procedure which identifies the energy scale k with a physical quantity. In
this work, we pioneer a di↵erent path: instead of generating an e↵ective dynamics via renormalization group
improvement, we construct the e↵ective action of the theory valid at the corresponding energy scale by solving
the underlying renormalization group equations.

2The relation between gravitational RG flows obtained from an Euclidean and Lorentzian setting has been
studied in [37] and it was shown that the two settings lead to qualitatively identical phase diagrams. In the
sequel we assume that this result also holds at the level of the R2-type actions (1.1) and (1.2).
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✦ is there a mechanism that can produce the 
full action, interpolate between the two 
limiting regimes and explain the observed 
values of the coupling constants at the 
relevant scales? 



Asymptotic safety in a nutshell
✦ Idea: integrate out quantum fluctuations shell- by-shell in momentum space 

✦ The scale-dependent dynamics at the scale k is then captured by the effective average 
action functional (expanded in an operator basis respecting the theory’s symmetries) 

✦ the scaling of the theory is then captured by the β-functions of the coupling constants  

✦ in order to be able to make the theory predictive the RG trajectory has to have an endpoint 
where the couplings do not change anymore (only a finite number of couplings needs to 
be measured) 

✦ Gaussian fixed point: all interactions are turned off —the theory is asymptotically free 
Non-Gaussian fixed point: contains interactions — the theory is asymptotically safe 

Scales and hierachies in asymptotically safe quantum gravity: a review 3

The large hierarchy between the Planck scale and the cosmological constant
then reflects itself in the energy dependence of the couplings (see Fig. 4). New-
ton’s coupling G freezes out at the Planck scale thereby generating the scale k

G

dy-
namically. The small value of Lobs generates a second scale kL ⌧ k

G

. For energies
k < kL the cosmological constant is indeed constant while in the intermediate regime
kL < k < k

G

one finds L µ k

4. The transition scale kL is set by Lobs and for Lobs = 0
would be given by kL = 0.

Besides the observed values of Newton’s coupling and the cosmological con-
stant, it is conceivable that asymptotic safety possesses additional free parameters.
Typically, these are associated with higher-derivative (HD) interactions, as e.g.,

S

HD =
B

16pG

Z
d4

x

p
gR

2 . (4)

Interactions of this type are notoriously difficult to observe, e.g., at solar system scales
[14]. Nevertheless, the underlying modified gravitational dynamics may have left im-
prints during the very early stages of the cosmic evolution which may still be visible
in the sky today. Thus, trying to explain some observable features based on modified
dynamics of gravity may allow to find values for such couplings as well.

The rest of this review is organized as follows. Section 2 summarizes the key
concepts underlying asymptotic safety together with the renormalization group tech-
niques used to explore this scenario in the context of gravity. In Section 3 we discuss
an approximation of the renormalization group trajectory realized in Nature based
on the Einstein-Hilbert action before improving it by including higher-order scalar
curvature terms. The prospects of fixing the free parameters of the theory based on
cosmological observations are discussed in Section 4 and some concluding remarks
are given in Section 5.

2 Renormalization group and Asymptotic Safety

The investigation of Asymptotic Safety is closely linked to the key idea of the Wilso-
nian renormalization group (RG) where quantum fluctuations are “integrated out”
consecutively, shell-by-shell in momentum space. The scale-dependent dynamics at
the scale k is then captured by the effective average action (EAA) functional G

k

[f ] [15,
16,17,18] whose effective interactions contain all quantum corrections from fluctu-
ations with momenta p

2 & k

2. The flow of G
k

with respect to the RG parameter k

connects physics at different energy scales. When k ! •, no quantum fluctuations
have been integrated out, and G

k

essentially reduces to the “bare action” S[f ]. Since
this occurs at high energies, this regime will be referred to as the UV. On the other
hand, as k ! 0, all quantum fluctuations have been taken into account. In that case,
G

k

reduces to the full quantum effective action G . For obvious reasons, this will be
referred to as the infrared (IR) regime. See also Fig. 1.

In order to study the flow of the EAA, the action functional G
k

is expanded in a
suitable operator basis {O

i

[f ]} containing all interaction monomials compatible with
the symmetries of the theory

G
k

[f ] = Â
i

u

i

(k)O
i

[f ] . (5)
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Fig. 1 Schematic overview of the renormalization group. The effective average action G
k

interpolates
between the quantum effective action G ⌘ G0 in the IR and the bare action S in the UV.

The coefficients u

i

(k) are the coordinates of G
k

with respect to this basis.
Introducing the logarithmic RG scale t = log(k/k0), with an arbitrary reference

scale k0, the scaling of the theory is then captured by the b -functions of the coupling
constants

∂
t

u

i

(k) = b
u

i

({u

j

}) . (6)

The b -functions can be calculated, for instance in perturbation theory [19] or by
functional methods [20,15]. Solutions of the set of equations (6) are called RG tra-
jectories.

In order to obtain a theory that is healthy, the couplings u

i

should remain finite at
all scales. Furthermore, in order to be able to make the theory predictive, only finitely
many couplings should be measured to characterise the entire RG flow. A theory
satisfying both conditions is referred to as renormalizable.

The latter condition may prove to be problematic in the light of the infinite sum
in Eq. (5). However, the other condition actually gives a way out to this problem.
Since the couplings are to remain finite at all scales, the RG trajectory has to have an
endpoint where the couplings do not change anymore. At this point, all b -functions
vanish simultaneously

b
u

i

|
u

j

=u

⇤
j

= 0 , 8 i. (7)

The point {u

⇤
j

} is therefore a fixed point of the RG flow. If the fixed point occurs at
the point where all interactions are turned off, we speak of a Gaussian fixed point
(GFP). Theories attracted to a GFP at high energies are termed asymptotically free. If
the fixed point contains interactions, one refers to a non-Gaussian fixed point (NGFP)
and theories approaching the NGFP at high energies are called asymptotically safe.

The requirement that the RG flow has a fixed point in the UV also solves the prob-
lem of predictivity. To this end, consider the RG trajectories that end up in a UV fixed
point. This set spans the UV-critical hypersurface SUV embedded in the space of ac-
tions spanned by the O

i

; see also Fig. 2. If this hypersurface is finite-dimensional,
one requires only finitely many couplings in order to specify a particular RG tra-
jectory within SUV. The condition that gravity should be described by a trajectory
within SUV restores predictivity of the construction. In a slight abuse of string theory
nomenclature [21], one may refer to the RG trajectories within SUV as the “land-
scape” of theories consistent with quantum gravity while the ones being driven away
from the fixed point as k ! • lie in the “swampland” of effective field theories lack-
ing a quantum gravity completion.

The UV-critical hypersurface in the vicinity of the fixed point is conveniently
characterized by linearizing the flow. Expanding the b -functions around the fixed
point, we obtain up to first order

b
u

i

({u
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M

i j

(u
j

�u

⇤
j

). (8)
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Energy scale (eV) Constraint

kinfl = 1022 B = �1.7⇥ 10�46 eV�2

klab = 10�5 G = 6.7⇥ 10�57 eV�2

kHub = 10�33 ⇤ = 4⇥ 10�66 eV2

Table 1: Observational constraints on the parameters of the action (1.1). For each parameter
we indicate the energy scale corresponding to the distance over which the measurement is
performed. These are the scale of inflation kinfl, the laboratory scale klab, and the Hubble
scale kHub.

summarized in table 1. In this paper we investigate whether the measured values of the
parameters are consistent with the asymptotic safety scenario of quantum gravity [7–13].1

The key idea of our analysis is that couplings like the ones appearing in the action (1.1)
acquire an energy dependence if gravity is promoted to a quantum field theory. This energy
dependence is encoded in the renormalization group (RG) flow of the theory and captured by
its �-functions. A consistent description of gravity valid on all scales may then be obtained
along Weinberg’s asymptotic safety conjecture [35]. In this scenario the gravitational inter-
actions at trans-Planckian energy are controlled by a non-Gaussian fixed point (NGFP) of
the gravitational RG flow. Solutions of the RG equations which are dragged into this fixed
point for increasing energy are termed asymptotically safe. The asymptotic safety condition
then places restrictions on the admissible values of the couplings and equips the construction
with predictive power. Starting from the seminal work by Reuter [36], there is substantial
evidence that such a UV fixed point for gravity exists [7–13]. In particular, this fixed point
persists in the presence of the Goro↵-Sagnotti two-loop counterterm [37].

Contact to the constraints listed in table 1 is then made by following the RG flow
emanating from the NGFP towards low energies. In this work this flow is constructed based
on the (Euclidean) action2

Sk[g] =
1

16⇡Gk

Z
d4 x

p
g
�
2⇤k �R+BkR

2
�
, (1.2)

where the subscript k implies that the couplings depend on the energy scale k. Within
this setting, an asymptotically safe RG trajectory describing Nature (including a quantum
gravity induced inflationary phase) should then meet the requirements summarized in table 2.
The existence of a RG trajectory that meets all these constraints is highly nontrivial and
constitutes the main result of this work.

1Cosmological implications of Asymptotic Safety have received considerable attention [14–33], also see
[34] for an up-to-date review. These works incorporate the leading quantum gravity e↵ects by a so-called
renormalization group improvement procedure which identifies the energy scale k with a physical quantity. In
this work, we pioneer a di↵erent path: instead of generating an e↵ective dynamics via renormalization group
improvement, we construct the e↵ective action of the theory valid at the corresponding energy scale by solving
the underlying renormalization group equations.

2The relation between gravitational RG flows obtained from an Euclidean and Lorentzian setting has been
studied in [38] and it was shown that the two settings lead to qualitatively identical phase diagrams. In the
sequel we assume that this result also holds at the level of the R2-type actions (1.1) and (1.2).
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Renormalisation group flow of the cosmological action
✦ One can follow the renormalisation group flow if the ‘cosmological action’, and search for 

a trajectory that satisfies the observational constrains at different scales and has a non-
gaussian fixed point in the UV 

3 RG structure

The second ingredient in our analysis is the gravitational RG flow projected onto actions of
the form (1.2). This flow relates the values of the coupling constants at di↵erent energy scales
k. Concretely, we base our analysis on the flow equation derived in [42] which is reviewed in
appendix B. Our results extend earlier work [52].

The scale-dependence of the couplings Gk,⇤k and Bk is most conveniently analyzed in
terms of their dimensionless counterparts

�k := ⇤k k
�2 , gk := Gk k

2 , bk := Bk k
2 . (3.1)

The k-dependence of these couplings is governed by their �-functions

@tgk = �g(g,�, b) , @t�k = ��(g,�, b) , @tbk = �b(g,�, b) , (3.2)

where t = log(k/k0) denotes the logarithmic RG time and k0 is an arbitrary reference scale.
The functions �i(g,�, b) are obtained by solving the system (B.16). In order to get an idea
about the RG trajectory realized by Nature we first investigate the fixed point and singular-
ity structure of the �-functions in subsection 3.1 before constructing sample trajectories in
subsection 3.2. The main result of this section is given in figure 1.

3.1 Fixed points, singularities and separation lines

By definition a renormalization group fixed point corresponds to a point {g⇤} in the space
of coupling constants where all �-functions vanish simultaneously. Depending on whether
this point corresponds to a free or interacting theory, one distinguishes between the so-
called Gaussian fixed point (GFP) and non-Gaussian fixed points (NGFPs). Investigating
the system (B.16), one finds that there are two fixed points relevant for the present analysis.
The GFP is located at

�⇤ = 0 , g⇤ = 0 , b⇤ = 0 . (3.3)

In addition the system exhibits a NGFP situated at

�⇤ = 0.133 , g⇤ = 1.59 , b⇤ = 0.119 . (3.4)

The dimensionless coupling multiplying the R2 term then takes the value7

b⇤
16⇡g⇤

= 1.5 · 10�3 . (3.5)

The flow in the vicinity of a RG fixed point can be studied by linearizing the �-functions
around this point. The properties of the linearized flow are captured by the stability ma-
trix Bij := @gj�gi

��
g=g⇤

. Defining the critical exponents ✓i as minus the eigenvalues of Bij ,

eigendirections whose ✓i come with a positive real part attract the RG flow for increasing k
while critical exponents with a negative real part are UV repulsive. Evaluating the stability
matrix for the GFP yields the critical exponents

GFP: ✓1 = +2 , ✓2 = �2 , ✓3 = �2 . (3.6)

7The positive value of this coupling leads to “stable inflation”. The transition to a negative coupling occurs
along the RG flow which then realizes the “unstable inflation”-scenario analyzed in [46].
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(a) (b)

Figure 1: Overview of the flow diagram. 1a: the Gaussian fixed point (3.3) and non-
Gaussian fixed point (3.4) are marked by the red dots. The singular planes stretch out
in negative-b direction (A) and in negative-� direction (B). 1b: selected RG trajectories.
The red curves lead to a positive IR value of the cosmological constant and are denoted
as trajectories of Type IIIa. These trajectories eventually terminate in the singular plane
(A). The blue curves denote trajectories of Type Ia and possess a negative IR value of the
cosmological constant. These curves avoid any singularities. The surface spanned by the
orange curves marks the trajectories of Type IIa. Their IR limit is given by the GFP. These
solutions separate the trajectories of Type Ia and IIIa. Finally, the green curve marks the
trajectory that meets the observational constraints.

direction of the NGFP. This fixed point then provides the UV completion of the trajectory
as t ! 1.

Trajectories that approach bk ! 0 from negative b show a di↵erent behavior. Tracing
the flow from IR to the UV, they first flow towards the GFP before making a turn towards
negative b. After obtaining a minimum value of b, they take a sharp turn and flow back into
the direction of the GFP before entering the NGFP regime. In contrast to the trajectories
with positive b, the flow of this type of trajectories may be bounded by the singular plane
A. This ceiling may prevent the solutions from reaching the basin of attraction of the NGFP
so that they terminate at a finite value t once they leave the g ⌧ 1 region.

4 A complete cosmic history from Asymptotic Safety

Based on the phase space analysis of the previous section, we are ready to check if there is an
RG trajectory satisfying all the conditions listed in table 2. The values of the couplings listed
in this table refer to di↵erent energy scales which turns the search of the corresponding RG
trajectory into a rather complicated boundary value problem. In order to simplify the analysis
we first convert this setup into an initial value problem in subsection 4.1 before constructing
the corresponding RG trajectory numerically in subsection 4.2. The main result of this
section is the trajectory displayed in figure 2 which meets all cosmological requirements.
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✦ The trajectory that satisfies observational constraints predicts a running of the cosmological 
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Energy scale ⇤ G B

(eV) (eV2) (10�57 eV�2) (10�46 eV�2)

kHub ' 10�33 4 ⇥ 10�66 6.71 �1.7

klab ' 10�5 4⇥ 10�66 6.71 �1.7

kinfl ' 1022 4⇥ 1030 6.71 �1.7

Table 3: Selected values of the RG flow satisfying the observational constraints. Within
experimental uncertainty, the parameters are constant, except for the cosmological constant
⇤. The bold values are constrained by observations, whereas the other values are results
from the RG calculation.

The solution of this equation gives the typical logarithmic running of a marginal coupling at
one-loop level

u2k =
109

2160⇡2
log

✓
k

k0

◆
+ u2k0 . (4.9)

Inserting the measured values at kinfl gives the initial value

u2k0 = �5.0⇥ 108. (4.10)

Combining the results (4.4), (4.7), and (4.10) with the definition (4.1) one readily arrives at
the initial values for gk,�k, and bk

gk0 = 6.71⇥ 10�67 , �k0 = 3.99⇥ 10�56 , bk0 = �1.7⇥ 10�56 . (4.11)

These values serve as the starting point for integrating the flow equation numerically.

4.2 The RG trajectory realized by Nature

In order to obtain the RG trajectory resulting from the initial conditions (4.11), we now inte-
grate the full �-functions numerically. For this, we use the NDSolve routine in Mathematica.
Since the initial starting point is very close to zero, we increase the working precision to 124
digits. When the integration reaches a regime where the parameters take larger values, we
decrease the precision to 25 digits. This allows us to track the RG flow from the classical
regime up to the NGFP regime.

The resulting RG trajectory is depicted by the green curve in figure 1b. The scale-
dependence of the corresponding dimensionful couplings ⇤k, Gk, and Bk is summarized in
figure 2. In table 3, we summarize the values of the couplings at di↵erent relevant energy
scales. The existence of this RG trajectory constitutes the main result of this work.

The solution shown in figure 2 exhibits several remarkable features. First of all, we see
that indeed the RG flow meets all observational constraints. This means that the expansion
in small g is valid, and that quantum e↵ects only play a role at energy scales beyond inflation.
In fact, both the Newton’s coupling and the R2 coupling start to run at 1024 eV, which is
beyond the upper bound on the inflation scale, 1022 eV. Interestingly, the Newton’s coupling
reaches a very small value at the Planck scale 1027 eV. 9

9Cosmological consequences of a Planck-scale-vanishing Newton’s coupling were discussed from a di↵erent
perspective in [58, 59]. We defer to a future work to investigate the relation between the two approaches.
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Figure 2: RG trajectory passing through all points identified in table 2. Top panel: cosmo-
logical constant ⇤k. Middle panel: Newton’s coupling Gk. Bottom panel: R2 coupling Bk.
The gray bars indicate the energy scales at which constraints are imposed.
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